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Abstract

This paper provides an analytical characterization of the welfare effects of changes in cross-sectional

wage dispersion, using a class of tractable heterogeneous-agent economies. We express welfare

effects both in terms of changes in the observable joint distribution over individual wages, con-

sumption and hours, and in terms of the underlying parameters defining preferences and wage risk.

Our analysis reveals an important trade-off for welfare calculations. On the one hand, as wage

uncertainty rises, so does the cost associated with missing insurance markets. On the other hand,

greater wage dispersion presents opportunities to increase aggregate productivity by concentrating

market work among more productive workers. In a calibration exercise, we find that the observed

rise in wage dispersion in the United States over the past three decades implies a welfare loss

roughly equivalent to a 2.5% decline in lifetime consumption. This number is the net effect of a

welfare gain of around 5% from an endogenous increase in labor productivity, coupled with a loss

of around 7.5% associated with greater dispersion in consumption and leisure. We also calculate

the welfare gains from completing insurance markets. We find that they stem primarily not from

reduced consumption dispersion, but from a more efficient allocation of labor effort. This labor

productivity improvement means that expanding insurance against wage risk offers larger welfare

gains than redistributive policies that reduce dispersion in after-tax wages.
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1 Introduction

Cross-sectional wage inequality and individual wage volatility over the life-cycle are large.

For example, the variance of the growth rate of individual wages in the United States in the

cross-section is over 100 times larger than the variance of the growth rate of average wages

over time.1 Moreover, there has been a sharp increase in wage dispersion in the United

States over the past thirty years.2 An important task for macroeconomists is to study the

welfare consequences of this phenomenon.

In this paper, we develop a tractable class of dynamic heterogeneous-agent economies

with partial insurance against idiosyncratic labor productivity (wage) risk. Agents in our

models are subject to stochastic idiosyncratic shocks to their labor market productivity and

thus to their market wage. Welfare costs depend crucially on the set of assets available to

insure against these shocks. In our benchmark “incomplete markets” economy, the process

for idiosyncratic wages has two components: an uninsurable piece, and a component that

may be fully insured via trade in state-contingent securities. To better understand the

role played by access to explicit insurance markets we also consider two alternative market

structures: complete markets, where all wage inequality is insurable, and autarky, where all

trade between agents is ruled out.

Several authors have examined the welfare consequences of changes in earnings or income

risk.3 We focus instead on wage risk and endogenize labor supply because the ability to adjust

hours can mitigate the welfare cost of rising wage inequality via two alternative channels.

First, agents may vary hours worked inversely with fluctuations in individual wages, thereby

reducing fluctuations in earnings. Alternatively, agents may choose to work more hours in

periods when individual wages are high, thereby increasing average earnings per hour. A

negative wage-hour correlation may be observed if agents cannot smooth income by other

means, such as by purchasing explicit insurance against wage risk. Conversely the wage-

hour correlation will be positive if wage inequality can be insured directly within financial

markets. Thus the model highlights an interesting interaction between the asset market

1This number is calculated from the PSID, 1967-1996. The variance of the mean wage growth over the
period is 0.0012 and the cross-sectional variance of individual wage growth, averaged over the period, is
0.161. See section 6 for details on the sample selection.

2For surveys on the causes of the changes in inequality, see Katz and Autor (1999), Acemoglu (2002),
Aghion (2003), and Hornstein, Krusell and Violante (2004).

3See e.g. Attanasio and Davis (1996); Blundell and Preston (1998); Krueger and Perri (2003); and Krebs,
Krishna and Maloney (2004).
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structure and the role of endogenous labor supply in absorbing idiosyncratic wage shocks.4

We consider two standard specifications for preferences: one in which consumption and

leisure enter the utility function in a Cobb-Douglas fashion, and one in which preferences are

separable between consumption and hours worked. For each market structure and preference

specification we derive intuitive analytic solutions for equilibrium allocations and expected

lifetime utility as functions only of preference parameters and of the variances of the insurable

and uninsurable components in individual labor productivity. These transparent expressions

enable us to answer three distinct questions relating to welfare.

First, what are the welfare costs of rising wage dispersion, holding constant the asset

market structure? Second, what are the welfare costs of market incompleteness, defined as

the difference between expected lifetime utility in the incomplete-markets economy versus

the complete markets economy, holding constant the wage-generating process? Third, what

are the welfare effects from eliminating all individual wage risk through some policy? This

latter welfare calculation is the cross-sectional equivalent of the calculation underlying the

vast literature on the welfare costs of business cycles fluctuations (for a survey, see Lucas

2003). Note that these three inquiries reflect changes in different primitives of the model:

technology in the first (e.g., skill biased technical change), markets in the second (e.g.,

development of new insurance and financial instruments), and policies in the third (e.g.,

redistributive taxation schemes that align ex-post wages across all workers).

We are able to answer all three questions analytically, by deriving simple closed-form

expressions for welfare effects in terms of structural risk and preferences parameters.

A key finding of the paper is that, with flexible labor supply, the closed-form expressions

for welfare reveal two important offsetting forces: an increase in idiosyncratic wage risk

increases the need for insurance, but also presents an opportunity to increase the level of

aggregate productivity, measured as output per hour worked, by concentrating work effort

among more productive workers. To help clarify this trade-off, we follow Benabou (2002)

and Flodén (2001) and decompose the overall welfare effects into the relative contributions

of changes in aggregate consumption and leisure on the one hand, and changes in the cross-

sectional dispersion of these variables on the other.

The sign of the welfare effect associated with increased wage dispersion depends on the

market structure and on agents’ willingness to substitute consumption and leisure inter-

4Low (2005) explores the implications of this interaction for the life-cycle profiles of consumption, hours
and asset holdings.
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temporally. In particular, when markets are complete, a rise in (insurable) wage dispersion

unambiguously increases welfare, since wages co-move perfectly with hours, and increased

wage dispersion increases aggregate productivity in proportion to the labor supply elasticity.

In autarky, a rise in (uninsurable) wage dispersion generally implies welfare losses. Surpris-

ingly, however, welfare gains are possible even in this case, if preferences are such that agents

are willing to tolerate larger fluctuations in consumption and leisure in exchange for higher

average earnings per hour. The welfare change associated with rising wage dispersion in the

benchmark incomplete-markets economy is a weighted average of the effects under autarky

and complete markets, where the weights correspond to the relative increases in insurable

versus uninsurable risk.

Allowing for a labor supply choice makes the comparison between insuring and elimi-

nating risk non-trivial. Eliminating risk always leads to smaller welfare gains than insuring

risk because it breaks the positive assortative matching between productivity and hours that

characterizes the efficient allocation.

Another key result of the paper is that welfare effects can alternatively be expressed

as simple functions of various moments of the cross-sectional joint distribution over wages,

hours and consumption. For example, in the separable-preferences case, the welfare ef-

fect from a rise in wage dispersion can be expressed in terms of observables as the sum

of the changes in (i) the covariance between log-wages and log-hours, (ii) the variance of

log-consumption weighted by the coefficient of relative risk-aversion, and (iii) the variance

of log-hours weighted by the inverse of the labor supply elasticity. The advantage of the

representation based on these moments is that we do not have to take a stand on the frac-

tion of wage dispersion that is insurable – this information is effectively embedded in the

endogenous joint distribution over consumption, hours and wages. Thus, we can in principle

estimate welfare effects directly from data simply by computing the relevant moments in

repeated cross-sections and assigning values to the risk aversion and labor elasticity param-

eters. However, this observables-based approach requires high quality data on consumption

and hours, while the model-based approach outlined above does not. We therefore view

these two alternative approaches as complementary.

In the quantitative part of the paper we compute the welfare costs of rising wage dis-

persion and the welfare costs of missing markets for a set of commonly used preference

parameters. For example, with Cobb-Douglas preferences and a coefficient of relative risk

aversion equal to 2, the welfare cost of the observed rise in labor market risk in the U.S. over
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the past 30 years in the incomplete-markets economy is 2.5% of lifetime consumption. This

number is the combination of a welfare loss of 7.5% due to larger uninsurable fluctuations in

individual consumption and hours, and a welfare gain of 5% from an increase in aggregate

labor productivity.

For the same preferences, households would be willing, ex-ante, to give up almost 40%

of their expected lifetime consumption in exchange for access to complete markets. One

might suspect that this welfare gain stems from reducing inequality in the cross-sectional

distributions for consumption and leisure. However, we find that two thirds of the welfare

gains from completing markets take the form of higher average productivity. Thus our

analysis highlights an important cost of missing markets that has been largely overlooked

to date, namely the loss in aggregate labor productivity that arises when low productivity

agents work too much (because lack of insurance makes them inefficiently poor) while high

productivity agents work too little (because lack of insurance makes them inefficiently rich).

We also find that eliminating all individual risk linked to productivity fluctuations through

ex–post redistribution delivers a net welfare gain which is only about half the size of the

gain from completing markets, but is two orders of magnitude larger than Lucas’ estimate

of the upper bound for potential welfare gains from stabilizing business cycles (0.1 percent

of permanent consumption).

The main contribution of our paper is to clarify what drives the welfare effects of changes

in the wage process, emphasizing the role of labor supply. However, our simple framework can

also shed light on the quantitative findings of richer models with more complex interaction

between wages and the wealth distribution. In particular, when properly calibrated, our

model delivers quantitatively similar results to Kubler and Schmedders (2001), Krueger

and Perri (2003), Pijoan-Mas (2004), and Heathcote, Storesletten and Violante (2004). The

advantage of our approach is that welfare effects can be solved for in closed form (rather than

via numerical solution and simulation), and consequently the role of preference parameters,

wage risk parameters and market structure are all transparent.

The rest of the paper is organized as follows. Section 2 describes the model economies,

and Section 3 describes our welfare measures. Sections 4 and 5 characterize equilibrium

allocations and the particular welfare expressions that obtain under the two alternative

preference specifications we consider. Section 6 describes the calibration to the United

States, and reports our quantitative results. Finally, in Section 7, we make some concluding

remarks.
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2 The Economy

Demographics and preferences: The economy is populated by a unit mass of infinitely-

lived agents. Each agent has the same time-separable utility function U (c,h) over streams

of consumption c = {ct}
∞
t=1 and hours worked h = {ht}

∞
t=1,

U (c,h) = (1 − β)
∞∑

t=1

β(t−1)u (ct, ht) ,

where β ∈ (0, 1) is the agents’ discount factor. We will consider two alternative specifications

for the period utility function. In the first, consumption and leisure enter in a Cobb-Douglas

fashion. In the second, period utility is separable between consumption and hours worked.

Production and individual labor productivity: Production takes place through a

constant-returns-to-scale aggregate production function with labor as the only input. The

labor market and the goods market are perfectly competitive, so individual wages equal

individual productivity. Since we do not focus on growth or short-term fluctuations, we

assume the hourly rental rate per efficiency unit to be constant and normalized to unity.

Individuals’ wage rates vary stochastically over time and are independently and identi-

cally distributed across the agents in the economy. We assume that an individual’s log wage

at a point in time has two orthogonal components: an ‘uninsurable’ component α ∈ A ⊆ R,

and an ‘insurable’ component ε ∈ E ⊆ R:

log w(α, ε) = α + ε. (1)

In order to fix ideas and simplify the expressions for our subsequent welfare results, we start

by interpreting the uninsurable component as a non-stochastic fixed effect for the agent,

and the insurable component as a purely transitory shock that is iid over time. Thus,

at the beginning of period t = 1, each agent draws a pair (α, ε). Then for every t > 1,

each agent draws a new value for ε. All shocks are publicly observable. The assumption that

insurable shocks are iid is purely for ease of exposition, we can generalize it to any stochastic

process. In section 4.2.1 we explain how the analysis can be extended to allow for a richer

specification of the process for the uninsurable component, incorporating permanent shocks

to wages, while still retaining analytical tractability.

We assume that ε and α are drawn from normal distributions, with

ε ∼ N
(
−

vε

2
, vε

)
, α ∼ N

(
−

vα

2
, vα

)
.
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As a result,

log w ∼ N
(
−

v

2
, v
)

, (2)

where v = vε + vα is the variance of the log-normal productivity shock. Note that equation

(2) implies that the population mean wage (in levels) is equal to one, i.e. E [w] = 1. Thus the

mean wage will be invariant to dispersion when we study comparative statics with respect

to the variance of wages, v. Let φv denote the normal density function with mean −v
2

and

variance v.

Market structure: We compare competitive equilibria under three alternative asset

market structures: autarky (AUT), complete markets (CM) and incomplete markets (IM).

Each market structure decentralizes an equal-weight planner’s problem. There is an intuitive

mapping between the number of assets that may be traded in the particular market structure,

and the planner’s ability to transfer resources between agents in the corresponding planner’s

problem.

A common assumption for all market structures is that the available assets come in

zero net supply and that agents have zero financial wealth before markets open for trade.

Hence, aggregate wealth is zero in every period.5 We will assume that all assets traded are

one-period-lived, and define equilibria sequentially (i.e., with Arrow securities).

We will show that under each market structure, equilibrium choices for an agent in

period t depend only the agent’s fixed effect α and on the agent’s current draw for the

transitory shock ε. Thus we let the functions cm(α, ε) and hm(α, ε) denote the decision

rules for consumption and hours as functions of these state variables under market structure

m ∈ {CM, IM,AUT}. In particular, individual wealth is not a state variable: in equilibrium

agents maintain zero net non-human wealth every period, so one does not need to keep track

of the distribution of assets. This feature is what makes our model tractable compared to

the standard Bewley model with a single bond.6

We now present the three alternative market structures and the associated sequential

budget constraints.

1. Autarky (AUT): In this economy no financial instruments are traded, and households

simply consume their labor income every period. In any period, the budget constraint

5It is easy to see that our economy is isomorphic to an economy with capital, where all claims on capital
are foreign-owned, capital is perfectly mobile internationally, and the world interest rate is R = 1/β.

6See Bewley (1984), Imrohoroglu (1989), Huggett (1993), Aiyagari (1994) and Rios-Rull (1994) for details.
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for a household with fixed effect α and a draw of the transitory shock ε is simply

cAUT (α, ε) = w (α, ε) hAUT (α, ε) . (3)

This corresponds to a planner’s problem in which each agent lives alone on an island,

and the planner is unable to transfer resources across islands.

2. Complete markets (CM): In the complete-markets economy, at every date households

are free to trade contracts contingent on every possible realization of the individual pro-

ductivity shocks next period. Insurance markets open in period 0 before α is realized,

at which time the household budget constraint is given by
∫

A

∫

E

p0 (α, ε) b0 (α, ε) dαdε = 0, (4)

where b0 (α, ε) and p0 (α, ε) are respectively the quantity and the price of one period

state-contingent bonds that pay one unit of output in period 1 if the realization of

the individual fixed effect is equal to α and the transitory shock is equal to ε. The

right-hand side of the period 0 constraint is zero since no labor income is received in

that period and initial individual wealth is zero. From period 1 onwards there is no

more uncertainty regarding the fixed effect α and the Arrow securities traded need

only be contingent on the transitory shock. Hence the budget constraint for an agent

with individual state (α, ε) becomes

cCM (α, ε) +

∫

E

p (ζ) b (ζ; (α, ε)) dζ = b (ε; (α, ε−1)) + w (α, ε) hCM (α, ε) , (5)

where b (ζ; (α, ε)) denotes the quantity of a bond, purchased by an individual with fixed

effect α and transitory shock ε, that pays one unit of output in the next period if the

realization of the transitory shock is ζ; p (ζ) denotes the price of this state-contingent

bond. An arbitrarily loose constraint on borrowing rules out Ponzi schemes. This

decentralized economy corresponds to a planner’s problem in which all agents have

equal weights and live on the same island, and the planner is free to dictate hours

worked for each agent and to redistribute aggregate output.

3. Incomplete markets (IM): This is our intermediate benchmark, which we interpret as

an approximate description of actual economies. Here, households have access to per-

fect insurance against the transitory ε-shocks and no insurance against the permanent

α-shocks. In other words, markets open after α is realized.7 This corresponds to a

7Given the absence of shocks after birth, this market structure is ex-ante incomplete, but ex-post complete,
where ex-ante and ex-post refer to the realization of the fixed effect. However, when agents are hit by
permanent shocks also after birth (see Section 4.2.1), the market structure is incomplete even ex-post.

7



planner’s problem in which agents are segregated across islands by their fixed effect

α. Within each α−island, the planner is unconstrained regarding how to allocate work

effort across agents with different values for the transitory shock ε, and can allocate re-

sulting output freely across agents on the island. However, the planner cannot transfer

resources across islands.

In the decentralized version of this economy, budget constraints are exactly as in the

complete markets economy for t > 0 (see equation 5), except that the initial budget

constraint is given by ∫

E

p0 (ε) b0 (ε; α) dε = 0.

One literal interpretation of this economy is one of explicit insurance against some risks

(such as short spells of unemployment or illness) but no insurance against others (such

as being endowed with low productive ability or being born to poor or uneducated par-

ents).8 An alternative, and perhaps more natural interpretation, is that our model is an

approximation of the “Bewley model” in which a single non-contingent bond is traded.

Since borrowing and saving through a risk-free asset allows for near-perfect smoothing

of transitory shocks, but provide virtually no insurance against permanent produc-

tivity differences, our economy will closely approximate the Bewley model. However,

while that class of models requires numerical solutions, equilibrium allocations in our

economies can be characterized analytically, as shown below. In Section 6 we revisit

the comparison between these two classes of economies.

2.1 Solving for equilibrium allocations

A competitive equilibrium requires individual optimization and market clearing in all mar-

kets, i.e. that the net demand for all assets is zero and that aggregate consumption equals

aggregate labor earnings.

In order to find the equilibrium allocations of consumption and labor supply we solve

the corresponding planner’s problem for each market structure. These problems and the

solutions to them are described in detail in Appendix A. Focussing on planner’s problems

8Cochrane (1991) finds evidence of full insurance against short-lived transitory income shocks (e.g. short
spell of illness, absence from work due to strike). Altonji, Hayashi and Kotlikoff (1992) argue that some
income shocks are fully absorbed within the family. Guiso, Pistaferri, and Schivardi (2005) show that a
sizeable fraction firm-level productivity shocks are insured by the firm and do not transmit to workers.
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has the advantage that asset prices do not appear in the constraint set, and one can abstract

from portfolio choices.

Since there is no interaction between agents in the autarky economy, it is immediate that

allocations in the competitive equilibrium and the solution to the corresponding planner’s

problem coincide: irrespective of how the planner weights the welfare of different agents,

it is efficient for the planner to equate each agent’s marginal rate of substitution between

hours worked and consumption in preferences to the agent’s marginal rate of transformation

between hours and output.

In the economies with asset trade, we compute first the planner allocations of consump-

tion and hours, and the implied equilibrium prices. We then verify that all the conditions

characterizing equilibrium under the particular market structure are satisfied given these

allocations and prices. In particular, we check that (i) agents’ intra-temporal first order

conditions for labor supply and inter-temporal first order conditions for asset purchases are

satisfied, (ii) agents’ budget constraints are satisfied, and (iii) the goods market and all asset

markets clear.

Before characterizing allocations under both Cobb-Douglas and separable preferences,

we first describe how we perform our welfare analysis.

3 Three welfare questions

We compare and rank allocations using the following utilitarian social welfare function:

W = (1 − β)E0

[
∞∑

t=1

β(t−1)u (cm(α, εt), hm(α, εt))

]

=

∫

A

∫

E

u (cm (α, ε) , hm (α, ε)) φvε
(ε)φvα

(α)dεdα (6)

This expression for welfare has two interpretations. First, it is the value for a utilitarian

planner who weights all agents equally. Second, it is the expected lifetime utility for an agent

at time 0 “under the veil of ignorance”; i.e. expected lifetime utility before uncertainty is

realized.

As discussed in the introduction, we assess the welfare costs associated with labor market

uncertainty from three distinct perspectives. First, for a given insurance market structure,

what are the welfare change from a rise in labor market risk? Second, for a given level of risk,
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what are the welfare gains from completing markets? Third, for a given insurance market

structure, what are the welfare change from eliminating all labor market risk?

Welfare implications of rising labor market risk: We begin by fixing the mar-

ket structure of the economy and measuring the welfare implications from increasing wage

dispersion. Suppose the variances of permanent and transitory shocks rise from the base-

line values vα and vε respectively to v̂α and v̂ε. Let ∆vα = v̂α − vα and ∆vε = v̂ε − vε.

Let ωm denote the associated welfare gain under market structure m, expressed in units of

the “equivalent compensating variation” in lifetime consumption under the baseline wage

variance:
∫

A

∫

E

u ((1 + ωm)cm(α, ε), hm(α, ε)) φvε
(ε)φvα

(α)dεdα

=

∫

A

∫

E

u
(
ĉm(α, ε), ĥm(α, ε)

)
φv̂ε

(ε)φv̂α
(α)dεdα. (7)

Here cm(α, ε) and hm(α, ε) denote the optimal policies for consumption and hours worked

in an economy with shock variances vα and vε. Similarly, ĉm(α, ε) and ĥm(α, ε) denote the

optimal policies in the economy with variances v̂α and v̂ε.

A theme of our paper is that increases in wage dispersion can impact aggregate produc-

tivity (by changing the covariance between hours and individual productivity, i.e. wages)

in addition to affecting the amount of risk that agents face. We are therefore interested in

decomposing the overall welfare effect ωm into two pieces capturing respectively the welfare

change associated with changes in the size of the aggregate pie due to additional risk - which

we label the level effect - and the welfare change associated with changes in how evenly the

pie is distributed - which we label the volatility effect.

Formally, our strategy for identifying these two components closely follows that outlined

by Flodén (2001), who in turn builds on earlier work by Benabou (2002). Let capital letters

denote population averages. We define the level effect associated with an increase in wage

dispersion (in units of consumption) as the value for ωlev
m that solves:

u
((

1 + ωlev
m

)
Cm, Hm

)
= u

(
Ĉm, Ĥm

)
. (8)

Next, for an agent behind the veil of ignorance, define the cost of uncertainty (in terms

of consumption) as the value for pm that solves

u ((1 − pm) Cm, Hm) =

∫

A

∫

E

u (cm(α, ε), hm(α, ε)) φvε
(ε)φvα

(α)dεdα. (9)
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Note that the cost of uncertainty is a measure of the utility difference between drawing

a lottery over cm(α, ε) and hm(α, ε) versus receiving the expected values for consumption

and leisure associated with this lottery. Analogously, we can define the cost of uncertainty

associated with the higher variances v̂α and v̂ε, which we denote p̂m.

We then define the volatility effect associated with an increase in wage dispersion as

ωvol
m =

1 − p̂m

1 − pm

− 1. (10)

Thus the volatility effect is the percentage change in the cost of uncertainty associated with

the increase in wage dispersion.9

For both types of preferences, we will establish that the two components approximately

sum to the total welfare change, i.e.

ωm ≃ ωlev
m + ωvol

m .

Welfare gains from completing markets: Similarly, we measure the welfare gain

associated with completing insurance markets, for given levels of permanent and transitory

risk vα and vε, as the percentage increase in consumption in the incomplete-markets (or

autarkic) economy required to achieve the same welfare as in the economy with complete

markets. In particular, we define the welfare gain as the value for χm that solves
∫

A

∫

E

u ((1 + χm)cm(α, ε), hm(α, ε)) φvε
(ε)φvα

(α)dεdα

=

∫

A

∫

E

u (cCM(α, ε), hCM(α, ε)) φvε
(ε)φvα

(α)dεdα. (11)

Strictly speaking, the solutions for ωm and χm allow one to compare welfare across two

economies with different levels of inequality. One can interpret these as the welfare gain

from rising inequality (or completing markets) when the transition between steady state

distributions of wages is instantaneous, as it is in the economies we consider.

9Flodén (2001) actually further decomposes the volatility effect (which he calls the distributional effect)
into two sub-components that he labels the inequality effect and the insurance effect. The idea is that
policy changes both redistribute resources across agents, and change the amount of risk that agents face.
The welfare cost of increased inequality for a government contemplating a change in policy depends on the
government’s attitude to inequality aversion. By contrast, the cost of additional risk depends just on the
curvature in preferences. In our analysis, we focus on welfare comparisons from behind a veil of ignorance.
Behind this veil, all agents are equal. Thus there is no inequality effect from increased wage dispersion, and
our volatility effect is identical to Flodén’s uncertainty effect.
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Welfare change from eliminating all risk: In computing the welfare cost of busi-

ness cycles, Lucas (1987) compared welfare associated with the actual U.S. time series for

aggregate consumption to welfare associated with the trend for the actual path.10 Thus he

calculated the hypothetical welfare gain from eliminating aggregate risk. We calculate the

welfare gains from eliminating idiosyncratic risk by making the same actual to trend com-

parison as Lucas, but at the individual rather than the aggregate level. Thus we set every

individual’s wage at every date equal to its unconditional expected value.

For Lucas, eliminating aggregate fluctuations was a hypothetical thought experiment.

One could view our experiment eliminating idiosyncratic risk in a similar light, but in the

context of our model this outcome can in fact be achieved via an appropriate redistributional

policy of wage compression. In particular, wage risk can be eliminated by a system of wage

taxes and subsidies that guarantees each worker an after-tax hourly wage rate equal to

average labor productivity, which equals one. Thus, the tax (subsidy) rate paid by a worker

with current pre-tax wage w is given by τ(w) = 1 − 1/w.11

In the context of our model, eliminating wage risk amounts to reducing to zero the

variances of both components of the wage process. Thus the welfare calculation can be read

directly from the expression for ωm in (7) by setting v̂ε = 0 and v̂α = 0.

4 Cobb-Douglas preferences

First, we consider preferences that are Cobb-Douglas between consumption and leisure. In

this case

u (c, h) =

(
cη (1 − h)1−η)1−θ

1 − θ
.

where η ∈ (0, 1) determines the relative taste for consumption versus leisure. Cobb-Douglas

preferences are widely used in the macro literature, since they are consistent with balanced

growth, irrespective of the choice for θ. In labor economics, this specification is often ad-

10More recently, Storesletten et. al. (2001), Krusell and Smith (1999), and Krebs (2003) have made similar
calculations in models with heterogeneous agents. See Lucas (2003) for a survey.

11To verify that this system of wage taxes and subsidies is feasible we need to check that it is revenue
neutral. Since every agent faces the same after-tax wage, each agent works the same number of hours per
period and enjoys the same level of consumption. Per-capita consumption will equal per-capita after-tax
income, which in turn is (constant) hours times the after-tax wage, which is equal to one. Since average labor
productivity is also equal to one, output per-capita will equal consumption per-capita. It follows immediately
that the tax-subsidy scheme is revenue-neutral. Note that this tax system requires the observability of total
individual productivity, but not of the two separate components.
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vocated because there is some empirical evidence of non-separability between consumption

and leisure; see, for example, Heckman (1974), or Browning and Meghir (1991).

The share parameter η is generally pinned down by the share of disposable time agents

devote to market work, implying that the single parameter θ governs both the intertemporal

elasticity of substitution for consumption and the corresponding elasticity for hours worked.

In particular, the intertemporal elasticity of substitution for consumption is given by 1/θ.

The coefficient of relative risk aversion is

γ̄ ≡ γ (θ, η) ≡ −
cucc

uc

= 1 − η + ηθ. (12)

The Frisch elasticity of labor supply depends on hours worked, and is given by

φ (θ, η, h) =
λ (1 − h)

h
,

where λ ≡ (1 − η + ηθ) /θ defines the Frisch elasticity for leisure.12 It is useful to define

a “non-stochastic Frisch elasticity” of labor supply in a non-stochastic representative-agent

economy, in which case h = η :

φ̄ ≡
λ (1 − η)

η
. (13)

4.1 Allocations with Cobb-Douglas preferences 13

Autarky (AUT)– In autarky, consumption equals earnings every period. Using the budget

constraint (3) and the appropriate intra-temporal first order condition, it is straightforward

to solve for the equilibrium choices for consumption and hours worked:

log cAUT (α, ε) = log (η) + α + ε, (14)

log hAUT (α, ε) = log (η) .

Note that allocations depend only on the current period wage, w (α, ε) = exp(α + ε)

and not on the two shocks separately. Under the Cobb-Douglas specification, income and

substitution effects from uninsurable wage changes exactly offset, so hours are constant.

12The Frisch elasticity of labor supply (leisure) measures the elasticity of hours worked (leisure) to tran-
sitory changes in wages, keeping the marginal utility of consumption constant.

13See Appendix A for derivations of the expressions for equilibrium allocations reported below.
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Complete markets (CM)– In the complete markets economy equilibrium allocations

for consumption and hours are given by:

log cCM (α, ε) = log (η) + λ(1 − λ)
v

2
+ (1 − λ) (α + ε) , (15)

log (1 − hCM (α, ε)) = log (1 − η) + λ(1 − λ)
v

2
− λ (α + ε) .

Because of non-separability, equalizing the marginal utility of consumption across agents

in the Cobb-Douglas case does not in general imply equalizing consumption. For λ < 1

(which is equivalent to θ > 1), consumption and leisure are substitutes in the sense that

high productivity individuals who in the complete-market allocation enjoy relatively little

leisure are compensated with relatively high consumption. When θ = 1 the Frisch elasticity

of leisure is also equal to 1, in which case consumption is constant and equal to η, while

leisure (and hours) responds strongly to wage changes.

It is interesting to note that with Cobb-Douglas preferences, average consumption and

average hours worked in complete markets are:

E [cCM(α, ε)] = η, (16)

E [1 − hCM(α, ε)] = (1 − η) exp (λv) . (17)

Thus increasing the variance of wages will have no impact of average consumption, but will

increase average leisure. We return to this point when interpreting welfare expressions in

the next section.

Equilibrium asset prices are given by:

p0(α, ε) = βφvα
(α)φvε

(ε) ∀α ∈ A,∀ε ∈ E, (18)

p(ζ) = βφvε
(ζ) ∀ζ ∈ E. (19)

Note that prices are simply probabilities, discounted with the subjective discount factor β.

This reflects the fact that agents are perfectly able to insure idiosyncratic risk, so the price

of risk is zero. Consequently, there is no motive for precautionary savings and the interest

rate on a risk free bond is equal to 1/β.

Equilibrium asset purchases are given by

b0,CM (α, ε) = cCM (α, ε) − w (α, ε) hCM (α, ε) +
β

1 − β

∫

E

[cCM (α, ζ) − w (α, ζ) hCM (α, ζ)] φvε
(ζ)dζ,

bCM (ζ; (α, ε)) = b0,CM (α, ζ) .
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The expressions for purchases of state contingent claims are such that financial assets

plus the expected present value of labor income in each possible realization of the state is

equal to the present value of equilibrium consumption. Note that the market price of the

portfolio purchased at date zero is zero, while the price of the portfolio purchased at future

dates may not be zero. In particular, if the realization of α is low, so that the present

value of future labor income is lower than the present value of consumption, there will be a

large initial payout from the Arrow securities indexed to α – i.e. b0,CM (α, ε) will be a large

positive number. From this point onwards, the low−α agent will effectively consume the

interest from this initial payoff and maintain a constant wealth level.14

Incomplete markets (IM)– Equilibrium allocations in the incomplete markets econ-

omy are given by

log cIM (α, ε) = log (η) + λ(1 − λ)
vε

2
+ α + (1 − λ) ε, (20)

log (1 − hIM (α, ε)) = log (1 − η) + λ(1 − λ)
vε

2
− λε.

In this case, hours worked are increasing in the insurable transitory shock ε (as in the

complete markets economy) but are independent of the uninsurable permanent shock α (as

under autarky). Because offsetting income and substitution effects imply that cross-sectional

differences in the permanent shock do not translate to differences in hours worked, they

must show up in consumption, which is directly proportional to α. Current consumption is

increasing in current ε if and only if λ < 1 ⇔ θ > 1. The interpretation for this result follows

immediately from the discussion for the complete markets case.

Equilibrium prices in the first period are p0(ε) = βφvε
(ε), and for t > 0 prices are given

by (19). Purchases of state contingent bonds are such that for each possible realization for

ζ, the quantity of bonds that pays out plus the equilibrium value of labor income is equal

to the equilibrium value for consumption:

bIM (ζ; (α, ε)) = cIM (α, ζ) − w (α, ζ) hIM (α, ζ) .

Note that the market price of buying this portfolio is zero at each date, so in this sense

the agent’s wealth is constant and equal to zero. To understand, recall that the main role

of wealth in a standard buffer-stock-saving model where agents can borrow and lend but

14By combining all the one-period claims indexed to ε one can construct a non-contingent bond in zero
net supply, which suffices for agents with low (high) α to maintain constant positive (negative) wealth.
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cannot insure shocks directly is to facilitate self-insurance against risk (Carroll 1997, Deaton

1991, Zeldes 1989). For the agents in our model, wealth accumulation cannot smooth the

ex-ante uncertainty associated with fixed individual effects. Moreover, with full insurance

against transitory (insurable) risk, agents have no incentive to accumulate wealth to buffer

those shocks either.

4.2 Welfare analysis with Cobb-Douglas preferences

We now develop a series of propositions that will allow us to answer our three welfare

questions.

Proposition 1: With Cobb-Douglas preferences, the (approximate) welfare change from

a rise in labor market risk equal to ∆v, where ∆v = ∆vε + ∆vα, is given by the following

expressions under the three market structures we consider:

ωAUT ≃ −γ̄
∆v

2
= 0︸︷︷︸

ωlev
AUT

− γ̄∆v/2︸ ︷︷ ︸
ωvol

AUT

,

ωCM ≃ φ̄
∆v

2
= φ̄∆v︸︷︷︸

ωlev
CM

− φ̄∆v/2︸ ︷︷ ︸
ωvol

CM

,

ωIM ≃ φ̄
∆vε

2
− γ̄

∆vα

2
= φ̄∆vε︸ ︷︷ ︸

ωlev
IM

−φ̄∆vε/2 − γ̄∆vα/2︸ ︷︷ ︸
ωvol

IM

Proof: See Appendix B.

In the Proof of Proposition 1 we carefully derive the exact closed-form solution for the

welfare effects ωm for all three market structures. However, these expressions are cumber-

some and not particularly transparent. Through a set of log-approximations of the class

ln (1 + x) ≃ x and ex ≃ 1 + x, one obtains the simple and useful solutions stated in Propo-

sition 1. The linearity of ωm in ∆vα and ∆vε is a feature of the approximation. In Section

6.2 we document the quality of our approximations.

Autarky– In autarky, there is always a welfare loss associated with greater wage in-

equality. This loss is equal to the expression computed by Lucas (1987) for the welfare costs

of aggregate consumption fluctuations in an economy with inelastic labor supply. Looking

at the decomposition, there is no level effect from a change in wage dispersion, and the
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overall welfare change is thus equal to the negative volatility effect. The level effect is zero

because with Cobb-Douglas preferences, the income and substitution effects associated with

wage changes always exactly offset, and thus hours worked in autarky are always equal to

η. Since hours are wage invariant, aggregate earnings and consumption are both equal to

η times the average wage, which is held constant as we vary wage dispersion. Given that

hours are wage invariant, it is no surprise that Lucas’ result for an economy with exogenous

labor supply extends to our economy. The larger is the risk aversion parameter γ̄, the larger

are the welfare costs associated with increased uninsurable risk. See Panel (A) in Figure 1.

Complete markets– Under complete markets, increasing productivity dispersion strictly

increases welfare. The source of this result comes from the endogeneity of labor supply: an

unconstrained planner can achieve better allocative efficiency with larger dispersion, with-

out any loss in terms of consumption smoothing, by commanding longer hours from high-

productivity workers and higher leisure from less productive workers. This result is closely

related to the standard result from classical consumer theory that the indirect utility func-

tion of a static consumer is quasi-convex in prices, so a mean-preserving spread of the price

distribution raises welfare (see, for example, Mas Colell, 1995, page 59). In this case the

indirect utility function of the planner in the planner’s problem that corresponds to the

complete markets equilibrium is quasi-convex in productivities wit. Recall that with Cobb-

Douglas preferences, aggregate labor productivity increases by virtue of a fall in average

hours worked, rather than an increase in aggregate output. The welfare impact of this pro-

ductivity gain is given by the level effect, ωlev
CM , which is proportional to the non-stochastic

Frisch elasticity.

Why is there a negative volatility effect in the complete markets economy notwithstanding

full insurance? The reason is that to exploit greater dispersion in productivity across workers,

the planner must increase dispersion in hours. Since utility is concave in leisure, this is welfare

reducing. At the margin, the welfare gain for the planner from additional specialization in

terms of increased average labor productivity is exactly offset by the loss associated with

greater dispersion in leisure.

Panel (B) in Figure 1 plots ωCM as a function of φ̄, for ∆v normalized to one.

Incomplete markets– Realistic insurance market structures lie, arguably, strictly be-

tween complete markets and autarky. Hence, one can think of ωCM and ωAUT as, respectively,
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an upper bound and a lower bound on the welfare consequences of a rise in wage inequality.

In the more realistic incomplete markets economy, the welfare gain can be expressed as

ωIM = ωCM
∆vε

∆v
+ ωAUT

∆vα

∆v
,

i.e. exactly as a weighted average between the welfare gain in complete markets and the

welfare loss in autarky, with weights equal to the share of the rise in wage dispersion due

to insurable and uninsurable shocks. Relative to an economy with inelastic labor supply,

flexibility to adjust hours worked can reduce the welfare cost (or increases the welfare gain)

from an increase in wage inequality because it allows for a more efficient division of labor in

response to additional insurable productivity dispersion.

Exploiting the welfare analysis for changes to the variance of wages, we now compare the

measure of household welfare defined in (6) across economies with different market structures,

given the same stochastic process for idiosyncratic labor market risk.

Proposition 2: With Cobb-Douglas preferences, the (approximate) welfare gain from

completing markets in an economy with uninsurable labor market risk equal to vα is:

χIM→CM ≃
(
φ̄ + γ̄

) vα

2
, (21)

This expression is very intuitive in light of the welfare expressions from the previous

section. In particular, one way to think about what it means to complete markets is (i) there

is a reduction ∆vα = −vα in the variance of uninsurable risk and (ii) there is a corresponding

increase ∆vε = vα in the variance of insurable risk.15 The parametric expression multiplying

the variance has two separate components. The first term captures specialization, whereby

more productive households work relatively harder and less productive households enjoy

more leisure. This contribution to welfare is increasing in the non-stochastic Frisch elasticity

φ̄. The second term – proportional to the coefficient of relative risk aversion γ̄ – captures

the value of the additional insurance provided by increased risk-sharing.

Figure 2 documents how the welfare gain from completing the set of assets traded

varies with the risk aversion coefficient γ̄ and with the willingness to substitute hours inter-

temporally φ̄. Recall that the two are both functions of (η, θ), so they vary together. In

panel (B), we plot them for various values of θ, with η fixed. Interestingly, the shape of

15It follows immediately that the welfare gain of completing markets, starting from autarky, is given by
equation (21), but with vα replaced by v.
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the welfare effect in panel (A) is non-monotone. Initially, as the Frisch elasticity falls (1/φ̄

rises), the welfare gain gets smaller, since the gain associated to being better able to exploit

production opportunities declines. However, panel (B) shows that risk aversion and the

Frisch elasticity are inversely related. At some point, risk aversion becomes so high than the

welfare gain from completing the markets begins to rise as we reduce φ̄ because additional

insurance becomes very valuable to shelter costly consumption fluctuations.

Insuring versus eliminating risk– In a model with exogenous labor supply, there

would be no difference between insuring (as discussed in Proposition 2) and eliminating

idiosyncratic labor income risk. Both changes would lead to income and consumption being

equalized across individuals, with no changes in aggregate quantities. With endogenous

labor supply, however, increasing risk-sharing is not the same thing as reducing risk. The

reason is that additional insurable risk is welfare-improving with a labor supply choice, as

discussed above.

Proposition 3: With Cobb-Douglas preferences, the (approximate) welfare change from

eliminating idiosyncratic labor market risk in the incomplete markets economy is given by:

κIM ≃ −φ̄
vε

2
+ γ̄

vα

2
= −φ̄vε︸ ︷︷ ︸

κlev
IM

+φ̄
vε

2
+ γ̄

vα

2︸ ︷︷ ︸
κvol

IM

(22)

Comparing κIM with χIM→CM , it is clear that the welfare gains from eliminating risk are

always smaller than those from insuring risk. Eliminating the uninsured part of wage disper-

sion is welfare-improving, since this reduces consumption and leisure dispersion. However,

eliminating dispersion in the insurable component of wages is detrimental since it elimi-

nates the positive covariance between the insurable component of individual productivity

and individual hours that boosts aggregate labor productivity.

Our finding that there is a down-side to reducing risk in the presence of flexible labor

supply is mirrored in some work on the welfare costs of business cycles. Cho and Cooley

(2001) noted that if aggregate hours are pro-cyclical, then eliminating aggregate business

cycle risk may reduce average labor productivity. Gomes, Greenwood and Rebelo (2001)

provide an example where aggregate fluctuations may be welfare improving in an equilibrium

search model when the agent can choose to allocate time between working and searching for

better jobs.
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Measuring welfare using cross-sectional data– It is possible to provide an alterna-

tive representation of welfare effects of rising inequality, and of their two components (level

and volatility effects) as functions only of preference parameters and second moments of the

joint cross-sectional distribution of wages, hours and consumption. The main advantage of

this representation relative to the model-based representation is that it does not require tak-

ing a stand on the statistical process for wages, i.e. one need not specify a mapping from the

degree of statistical persistence of the shocks to whether or not the shocks are insurable.16

Proposition 4: The (approximate) welfare change ωm of a rise in wage dispersion in

the Cobb-Douglas case can also be expressed as:

ωm ≃ ∆cov (log w, log h)︸ ︷︷ ︸
ωlev

−
γ̄

2
∆var (log c) −

1

2φ̄
∆var (log h) +

γ̄ − 1

2
∆cov (log c, log h) ,

︸ ︷︷ ︸
ωvol

This expression is the same for all market structures m ∈ {AUT,CM, IM}.

Proof: See Appendix C.

The key step in the proof involves using our analytical solutions for the equilibrium allo-

cations to infer a relationship between observable cross-sectional moments and the variances

of the uninsurable and insurable shocks (∆vα, ∆vε) . This relationship allows us to trans-

late the welfare expressions of Propositions 1 and 1a into the observables-based expressions

above. In recognizing that theory implies a tight link between observable measures of dis-

persion and the fraction of underlying risk that is insurable we build on the work by Blundell

and Preston (1998) and Blundell, Pistaferri and Preston (2004).17

The welfare change can always be written as a sum of four terms. The first term is

the change in the covariance between hours and wages: a better assignment of individual

hours to individual productivities improves the level of aggregate welfare. The second and

third terms capture the volatility cost of a rise in wage dispersion: the increase in the

16At the same time, the model-based decomposition used in Table 1 has some important advantages over its
observables-based counterpart. First, in cross-sectional data, wages are measured better than consumption
(see Attanasio, Battistin, and Ichimura (2004) for a recent discussion of measurement error in consumption
in the CEX). Moreover, insofar as one is interested specifically in the effects of changes in wage dispersion on
welfare, directly using data on consumption and hours inequality might be misleading because the observed
changes in these distributions over a period of time can be the result of a mix of factors –not exclusively of
changes in wage dispersion.

17One attractive feature of our market structure is that the mapping between the cross-sectional moments
and the parameters defining the wage process can be described in closed form and does not require any
approximations.
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variance of log consumption translates into a welfare cost proportional to the risk-aversion

coefficient and the increase in the variance of log hours translates into a welfare cost that

is inversely proportional to the Frisch elasticity. This representation holds for every market

structure. Of course, in complete markets varCM (log c) = 0. The Cobb-Douglas preference

specification is non-separable in consumption and leisure, so, it should not be surprising

that the welfare change contains an extra term proportional to the change in the covariance

between consumption and hours worked. When θ > 1 (which implies γ̄ > 1), consumption

and leisure are substitutes, thus households gain from a rise in the comovement between

consumption and hours in the wake of an increase in wage dispersion.

There is another interesting mapping between our welfare components and observable

variables. From Proposition 3 the level effect ωlev can be expressed as the change in the

covariance between hours and wages, irrespectively of market structure and preferences.

However, it turns out that ωlev is also equal to the change in aggregate labor productivity in

the economy. In other words, the source of potential welfare gains from an increase in wage

dispersion is a rise in aggregate productivity.

Corollary 5: In each market structure, the level effect of a rise in wage dispersion ωlev

(approximately) equals the percentage change in aggregate labor productivity.

Proof: See Appendix D.

4.2.1 Robustness of the Welfare Calculations with Permanent Shocks

We now extend the model to incorporate persistent wage shocks by adding a unit root

process to the uninsurable component of the individual wage. In order to ensure that cross-

sectional wage dispersion remains bounded in the presence of permanent shocks to wages, we

assume that households in the economy survive from one period to the next with constant

probability δ < 1. A new generation with unit mass enters the economy each period. Upon

birth agents draw their initial realization of the permanent component α0. At each successive

age t they draw a transitory insurable shock εt and an innovation to the uninsurable unit

root component of the wage, πt. The shocks εt and πt are assumed to be orthogonal and

normally distributed. Thus the process for wages is

log (wt) = αt + εt
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where

αt = αt−1 + πt, t ≥ 1

α0 ∼ N
(
−

v0

2
, v0

)

εt ∼ N
(
−

vε

2
, vε

)

πt ∼ N
(
−

vπ

2
, vπ

)
.

Expected lifetime utility is now given by

E
∞∑

t=1

(βδ)t−1 u (ct, ht) .

As in the simpler model, the unconditional cross-sectional wage variance is v = vε + vα,

but the cross-sectional variance of the uninsurable component is now given by

vα = v0 +
1

1 − δ
vπ. (23)

In the decentralized version of this economy households can in principle bundle securities

indexed to the transitory shocks to create non-contingent bonds, and hold bonds to self-

insure against the permanent shock πt. Let ρ ≡ 1/βδ − 1 be the effective discount rate. It

is easy to show that that the equilibrium interest rate r∗ satisfies

ρ − r∗ = γ̄ (1 + γ̄)
vπ

2
, (24)

i.e., it is such that the (negative) intertemporal saving motive on the left hand side of (24)

exactly offsets the (positive) precautionary saving motive on its right hand side. Note that

γ̄ (1 + γ̄) is the coefficient of relative prudence which measures the intensity of the demand

for precautionary savings for a given level of uninsurable uncertainty vπ. Thus, in equilibrium

agents never trade the bond, and always hold zero wealth (as in Constantinides and Duffie,

1996; and Krebs, 2003).

With Cobb-Douglas preferences, the equilibrium allocations in the IM model are exactly

as in (20). The expected welfare change for a newborn agent associated with changes ∆v0,

∆vπ and ∆vε in the variances of fixed effects, permanent innovations, and transitory shocks

is

ωIM ≃
φ̄

2
∆vε −

γ̄

2
[∆v0 + µ∆vπ] , (25)

where

µ ≡
1

1 − βδ exp
(
−1

2
γ̄ (1 − γ̄) vπ

) .
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This expression is qualitatively similar to the expression in Proposition 1, and the deriva-

tion follows exactly the same logic. The novel term involving the exponential is the “lifetime

multiplier” µ on the (change in the) variance of the persistent shock, ∆vπ. To understand

this term, it is helpful to first set β = 1 and consider the log-separable case where γ̄ = 1.

Then, the term in the square parenthesis becomes ∆vα –see equation (23)– and (25) ex-

actly coincides with the welfare change formula without permanent shocks established in

Proposition 1.

To understand the role of the risk aversion parameter γ̄ in the multiplier, it is helpful to

temporarily abstract from labor supply and from transitory shocks. In this case expected

period utility at age t is given by E [u(wt)] = E [u (exp(αt))] . When utility is logarithmic,

E [log(exp(αt))] = E [αt] , which declines by −vπ

2
(the mean of the innovation πt) between

ages t−1 and t. If agents are more risk averse than log, then E [u(wt)] = E [φ (αt)] , where φ

is a concave function. Thus when γ̄ > 1, expected period utility falls with age at a faster rate.

The fact that increasing risk aversion effectively magnifies the welfare effects of uninsurable

wage risk at older ages explains why the lifetime multiplier on persistent shock is larger than

1/ (1 − βδ) .18

Apart from the logic of the cumulation of the welfare effects from permanent shocks, the

economics behind this welfare calculation is essentially the same as in the simpler model.

Thus, in what follows, we return to wage process with only fixed individual effects and

transitory shocks.

5 Separable preferences

We now consider preferences that are separable between consumption and hours worked.

Separability is a common assumption in the micro literature that estimates elasticities for

consumption and labor supply (for a survey, see Browning, Hansen and Heckman, 1999). In

this case

u (c, h) =
c1−γ

1 − γ
−

h1+σ

1 + σ
, (26)

where γ, σ ∈ [0, +∞). The coefficient of relative risk aversion is simply γ, while the in-

tertemporal elasticity of substitution for consumption is 1/γ, as in the Cobb-Douglas case.

18The condition that guarantees that expected lifetime utility is bounded is precisely

βδ < exp (γ̄ (1 − γ̄) vπ/2) .

This condition also guarantees that welfare effects are always well defined.
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The Frisch elasticity for labor supply is simply 1/σ. In contrast with Cobb-Douglas prefer-

ences, note that separability allows for a lot of flexibility in distinguishing between agents’

willingness to substitute consumption and hours intertemporally.19

In the next two sections we describe allocations and welfare expressions for the separable

case, and compare and contrast them to the Cobb-Douglas case above. Some readers may

wish to skip directly to Section 6 where we conduct a quantitative analysis using both

preference specifications.

5.1 Allocations with separable preferences 20

Autarky– When preferences are separable between consumption and hours worked, alloca-

tions are given by:

log cAUT (α, ε) =
1 + σ

γ + σ
(α + ε) , (27)

log hAUT (α, ε) =
1 − γ

γ + σ
(α + ε).

As with Cobb-Douglas preferences, allocations depend only on the current period log

wage, log w (α, ε) = (α + ε), and not on the two shocks separately. The responsiveness of

hours to wages is determined by the Marshallian (uncompensated) elasticity of labor supply,

which is 1−γ
γ+σ

. Whether hours increase or decrease with individual productivity depends on

the relative strength of substitution versus income effects. With separable preferences, the

income effect dominates the substitution effect if the consumption risk aversion parameter

γ is larger than one.

Complete markets– Equilibrium allocations for consumption and hours worked in the

complete markets economy are given by:

log cCM (α, ε) = log c̄ =
1 + σ

γ + σ

( v

2σ

)
, (28)

log hCM (α, ε) =
1 + σ

γ + σ

(
−γv

2σ2

)
+

α + ε

σ
.

19 It is straightforward to generalize the analysis to a model with preference heterogeneity across agents in
their distaste for work relative to the taste for consumption, namely u (c, h) = c1−γ/ (1 − γ)−ψ·h1+σ/ (1 + σ),
where ψ measures the strength of this distaste. As we discuss below, such a generalization has no impact on
the subsequent welfare results, so we proceed with the simpler specification (ψ = 1).

20See Appendix A for derivations of the expressions for equilibrium allocations reported below.
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These allocations are easy to interpret. First, since utility is separable in consumption

and hours worked, agents insure fully against fluctuations in consumption, so consumption

is constant across states and over time. This consumption level is equal to average labor

earnings. Hours worked are increasing in individual productivity and there is no distinc-

tion between permanent and transitory shocks in the labor supply decision, exactly as in

autarky, but for the opposite reason: all shocks are equally insured. The Frisch elasticity

1/σ determines the responsiveness of individual hours to the individual wage.

Note that average consumption is increasing in the variance of wages, in contrast to the

Cobb-Douglas preferences case. Expressions for asset purchases and prices are as in the

Cobb-Douglas case.

Incomplete markets– When preferences are separable between consumption and hours

worked, equilibrium allocations in the incomplete markets economy are given by:

log cIM (α, ε) =
1 + σ

γ + σ

( vε

2σ

)
+

1 + σ

γ + σ
α, (29)

log hIM (α, ε) =
1 + σ

γ + σ

(
−γvε

2σ2

)
+

1 − γ

γ + σ
α +

ε

σ
.

These are closely related to the expressions for the autarkic and complete markets

economies. Individual consumption is independent of the realization of the transitory shock,

since that can be fully insured, as in complete markets, but is rescaled by the individual

permanent effect α, as under autarky. The responses of hours to permanent and transitory

shocks are governed by the Marshallian and Frisch labor supply elasticities respectively.

5.2 Welfare with separable preferences

We are now ready to state a set of Propositions equivalent to Propositions 1 through 4.

Proposition 1a: With separable preferences, the (approximate) welfare change from a

rise in labor market risk equal to ∆v, where ∆v = ∆vε + ∆vα, is given by the following

expressions under the three market structures we consider:

ωAUT ≃

[
1 − γ

σ + γ
− γ

1 + σ

σ + γ

]
∆v

2
=

(
1 − γ

γ + σ

)
∆v

︸ ︷︷ ︸
ωlev

AUT

−

[
1 − γ

γ + σ
+ γ

(
1 + σ

σ + γ

)]
∆v

2︸ ︷︷ ︸
ωvol

AUT

,

ωCM ≃
1

σ

∆v

2
=

1

σ
∆v

︸ ︷︷ ︸
ωlev

CM

−
1

σ
∆v/2

︸ ︷︷ ︸
ωvol

CM

,
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ωIM ≃
1

σ

∆vε

2
+

[
1 − γ

σ + γ
− γ

(
1 + σ

σ + γ

)]
∆vα

2

=

(
1 − γ

γ + σ

)
∆vα +

1

σ
∆vε

︸ ︷︷ ︸
ωlev

IM

−

[
1 − γ

γ + σ

∆vα

2
+ γ

(
1 + σ

σ + γ

)]
∆vα

2
−

1

σ

∆vε

2︸ ︷︷ ︸
ωvol

IM

.

Proof: See Appendix B.

Autarky– Note first that as σ → ∞, the welfare cost of rising productivity fluctuations

in autarky becomes

ωAUT ≃ −
γ

2
∆v,

the expression computed by Lucas (1987) for the welfare costs of aggregate consumption

fluctuations in an economy with inelastic labor supply. Note also that ∂ωAUT /∂σ < 0. Thus,

for a given coefficient for risk aversion, introducing flexible labor supply always (weakly)

reduces the welfare cost of uninsurable wage fluctuations, in contrast to the Cobb-Douglas

case above. Precisely how labor supply effectively substitutes for the presence of missing

insurance markets depends on the value for γ. When γ > 1, the income effect from a positive

wage shock dominates the substitution effect, so agents increase work effort in bad times.

In this case, flexible labor supply is used to improve consumption smoothing at the expense

of productivity (the level effect ωlev
AUT is negative). When γ < 1, the substitution effect

dominates the income effect, and agents increase work effort in good times. In this case,

flexible labor supply actually increases consumption volatility, but it is still beneficial because

agents are relatively unconcerned about fluctuations in consumption, and concentrating work

effort in high wage periods raises average output per hour (the level effect ωlev
AUT is positive).

There is only one (knife-edge) case when flexibility fails to mitigate the welfare cost of

additional wage risk, namely when γ = 1 and labor supply is constant across all agents (see

equation (27)).

Perhaps the most surprising result in Proposition 1a is that when risk aversion is suf-

ficiently small and the labor supply elasticity sufficiently large, a rise in v has a positive

welfare effect (see panel (B) in Figure 3) even in autarky.21 For low levels of risk-aversion,

γ < 1/ (2 + σ), agents willingly substitute labor supply intertemporally to raise average pro-

ductivity, and are relatively unconcerned about the resulting fluctuations in consumption.

The complete-markets result (discussed below) sheds some further light on this. When γ = 0

(the risk-neutrality case), it is easy to see that ωAUT = ωCM > 0.

21Recall that in the Cobb-Douglas case, increases in wage dispersion in autarky are always welfare-reducing.
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Complete Markets– As with Cobb-Douglas preferences, under complete markets, in-

creasing productivity dispersion strictly increases welfare, as long as the labor supply elastic-

ity is positive (σ finite). Once again, the intuition is simply that an unconstrained planner

can achieve better allocative efficiency with larger dispersion by having more productive

agents specialize in market work.

Panel (A) in Figure 3 plots ωCM as a function of σ for ∆v normalized to one. The

larger the Frisch elasticity, the greater the opportunities for exploiting the heterogeneity

in labor productivity, and the larger the welfare gains from increased wage dispersion. As

an example, consider the case with a unitary elasticity of labor supply (σ = 1). Then an

increase in wage dispersion translates into a rise in welfare of half its size. Note that with

inflexible labor supply (σ → ∞), rising wage inequality has no welfare implications since

hours worked is the same for all agents.

Incomplete Markets– The welfare loss under incomplete markets is a convex combi-

nation of the loss under the other two market structures. In light of our discussion of the

autarky case, we conclude that for flexible labor supply to mitigate the welfare cost of in-

creases in uninsurable wage risk under incomplete markets, it must be the case that γ 6= 1,

implying that preferences are inconsistent with balanced growth.

Proposition 2a: With separable preferences, the (approximate) welfare gain from com-

pleting markets in an economy with uninsurable labor market risk equal to vα is:

χIM→CM ≃

[
1

σ
+

γ − 1

σ + γ
+ γ

(
1 + σ

σ + γ

)]
vα

2
.

As in the Cobb-Douglas case, there are two sources of welfare gains from completing

markets. The first is associated to the allocative efficiency gain associated with elastic labor

supply: more productive households work relatively harder and less productive households

enjoy more leisure. The second is the gain from the additional insurance provided by in-

creased risk sharing.

Figure 4 plots χ for different values of σ and γ in their admissible range (0,∞) and for v

normalized to 1. Notice first that the welfare gain of completing the markets is always weakly

positive and strictly increasing in γ, the degree of risk-aversion. A few benchmarks are of

interest. First, for γ = 0 (risk-neutrality), the welfare gain is exactly zero, since consumption
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fluctuations are not costly for individuals. Second, in the absence of flexible labor supply

(σ → ∞), the welfare gain is χ ≃ γ/2 · vα. Intuitively, inflexible labor supply implies that

labor productivity fluctuations translate one for one into consumption fluctuations. Third,

if γ = 1 and σ = 1, then χ ≃ vα, so the welfare gain from completing markets exactly equals

the variance of uninsurable components of wages.

Other things equal, greater flexibility in adjusting hours must always be welfare-improving.

But is additional labor supply flexibility more useful when markets exist to pool wage risk

or when they do not? On the one hand, a higher Frisch elasticity increases the value of the

gain via specialization in labor supply that can be achieved when more contingent claims

are traded. On the other hand, a high elasticity reduces the (positive) value of increasing

explicit insurance through financial markets, since agents can effectively adjust hours to self-

insure against ‘uninsurable’ shocks. It turns out that which effect dominates depends on the

particular combination of γ and σ.

For large values of the labor supply elasticity (1/σ > 1), the specialization effect domi-

nates, and χ is increasing in 1/σ. For 1/σ ≤ 1, whether or not χ is increasing in 1/σ depends

on whether γ ≤ 2σ/ (σ − 1). For large values of risk-aversion γ, there is always a region

where agents are relatively unwilling to adjust hours inter-temporally in which χ becomes

smaller as the labor supply elasticity rises. The intuition is that given high aversion to

consumption fluctuations, an increase in the willingness to substitute hours intertemporally

might have a large positive impact on welfare under autarky by effectively improving self-

insurance, thereby reducing the gain from expanding insurance markets (recall that when

γ > 1, the income effect dominates the substitution effect in autarky and low-productivity

households work harder). By contrast, for γ ≤ 2, χ is always increasing in 1/σ.22

Proposition 3a: With separable preferences, the (approximate) welfare change from

eliminating labor market risk in the incomplete markets economy is given by:

κIM ≃ −
1

σ

vε

2
−

[
1 − γ

σ + γ
− γ

(
1 + σ

σ + γ

)]
vα

2

= −
1

σ
vε −

1 − γ

σ + γ
vα

︸ ︷︷ ︸
κlev

+
1

σ

vε

2
+

[
1 − γ

σ + γ
+ γ

(
1 + σ

σ + γ

)]
vα

2︸ ︷︷ ︸
κvol

.

22The condition under which the welfare costs of completing the markets is increasing in the Frisch elasticity
has an intuitive interpretation. In particular, when 1/σ ≤ 1, the variance of log-hours worked is larger in
complete markets relative to autarky if and only if γ ≤ 2σ/ (σ − 1), the same condition we derived above
under which χ is increasing in the Frisch elasticity.
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As in the Cobb-Douglas specification, eliminating labor market risk amounts to reducing

to zero the variances of both components of the wage process, which is welfare reducing for

insurable risk, and likely welfare-improving for uninsurable risks.

Proposition 4a: The (approximate) welfare change ωm of a rise in wage dispersion in

the separable case can be also expressed as:

ωm ≃ ∆cov (log w, log h)︸ ︷︷ ︸
ωlev

−
γ

2
∆var (log c) −

σ

2
∆var (log h)

︸ ︷︷ ︸
ωvol

.

These expressions are the same for all market structures m ∈ {AUT,CM, IM}.

Proof: See Appendix C.

This expression is exactly the same as in the Cobb-Douglas case, except that with sepa-

rable preferences there is no term involving the covariance between consumption and hours.

As in the Cobb-Douglas case, the cost of increased consumption dispersion is proportional

to the risk aversion coefficient, and the cost of increased dispersion in hours is inversely

proportional to the Frisch elasticity.

Once again, there are two alternative expressions for level effect ωlev in terms of observ-

ables: the change in the covariance between hours and wages, or the change in aggregate

labor productivity (see Corollary 5). An interesting difference between the two preference

specifications is that when preferences are separable, the productivity gain associated with

greater wage dispersion translates in higher average output and consumption (see equa-

tion 28), whereas in the Cobb-Douglas case productivity gains have no impact on average

consumption (16), but reduce average hours worked.

Note that all the approximated welfare expressions in Propositions 1a through 4a, as

well as the exact ones in the Appendix, would remain unchanged even when generalizing

preferences to allow for varying taste for leisure, as discussed in footnote 19.23 This implies

that our results would be robust to an important class of preference heterogeneity.

23The taste for leisure, ψ, would enter the allocations in (27)-(29) multiplicatively, but would completely
drop out of the welfare expressions.
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6 Quantitative welfare analysis

As documented in a vast empirical literature (see Katz and Autor, 1999; Eckstein and

Nagypal 2004, for surveys), cross-sectional wage inequality has increased substantially in

the United States since the early 1970s. Our framework allows us to quantify (1) the welfare

change due to this rise in wage dispersion, (2) how much U.S. households would benefit, at

the current level of labor market risk, from the availability of a full set of insurance markets,

and (3) how much households would benefit if labor market risk were to be eliminated

by redistributive policy. Moreover, one can separately quantify the “volatility” component
(
ωvol

)
from the level effect related to the “opportunities” offered by productivity dispersion

in the presence of flexible labor supply
(
ωlev

)
.

6.1 Calibration and measurement

First we discuss our baseline choices for preference parameters. Next we estimate the vari-

ances of insurable and uninsurable wage risk. As discussed in Section 2, we identify these

variances with the variances of the permanent and transitory components of the process for

individual wages. We estimate variances before and after the surge in wage dispersion, de-

noted (vα, vε) and (v̂α, v̂ε) respectively. Then we discuss the cross-sectional moments of the

joint wage, hours and consumption distribution which are used to implement our alternative

observables-based approach to quantifying the welfare effects of rising wage dispersion.

Preference parameters: The welfare expressions for separable preferences discussed

in section 5 depend only on two parameters (γ, σ) . Estimates for the risk-aversion coefficient

γ (or, identically, for the inverse of the intertemporal labor supply elasticity) between one

and three are typical in the empirical consumption literature (see Attanasio 1999, for a

survey), so we set γ = 2. Domeij and Flodén (2002) sample the empirical literature on male

labor supply and conclude that the typical estimates of uncompensated wage elasticities for

male labor supply range between 0.1 and 0.3. However, they argue that these estimates are

typically downward biased because the standard estimation methods ignore the possibility

that borrowing constraints may bind. By simulation, they show that the unbiased estimates

can be up to twice as large. Moreover, estimates of this elasticity for females are, in general,

3-4 times as large as those for men (see Blundell and MaCurdy, 1999, Table 2). We therefore

set the Frisch elasticity to 0.5, corresponding to a value of σ = 2.
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With Cobb-Douglas preferences, the Frisch labor supply elasticity and the coefficient

of risk-aversion are not independent, as they are both functions of the pair of parameters

(θ, η), as discussed in section 4.2. Moreover, the parameter η has a natural counterpart in

the fraction of the time endowment devoted to work activities. Following the macroeconomic

literature on business cycles, we set η = 1/3 (see e.g. Cooley, 1995).24 We then set θ = 4

so the implied coefficient of risk-aversion γ̄ equals two, as in the separable case. As a by-

product, we obtain a Frisch elasticity φ̄ exactly equal to one – a higher number than under

the separable case, but perhaps not too implausible in light of our earlier comment on the

higher elasticity for female labor supply.25 The fact that with Cobb-Douglas preferences it

is not possible to simultaneously allow for a realistic average fraction of time spent working

and a realistic (low) elasticity for labor supply is a serious drawback for quantitative work.

We recognize that there is disagreement regarding appropriate values for preference pa-

rameters, and that some may object to our particular choices. One advantage of our intuitive

closed-form expressions for welfare is that one can quickly compute different estimates based

on alternative parameterizations. Figures 1-4 document the sensitivity of our results to a

wide range of alternative parameter values.

Measurement of wage dispersion: From the 1968-1997 waves of the Panel Study

of Income Dynamics (PSID), we have selected a sample of roughly 2,400 observations/year

including every head of household (males and females) aged between 20 and 59 with positive

earnings (not top-coded and not below half of the current minimum wage). We computed

hourly wages as annual earnings divided by annual hours worked and found that the variance

of log wages rose from 0.25 to 0.35 over this time period. Next, we estimated a simple

permanent/transitory model for the variance of log wages, exactly the process specified in

equation (1). The estimated variance of the transitory/insurable component vε starts around

0.08 and levels off 30 years later at around 0.13. The variance of the permanent/uninsurable

24More precisely, from the first-order condition for individual i hours worked in the non-stochastic version
of the model, we obtain:

1 − hi

hi

=
1 − η

η
.

25Note that under Cobb-Douglas preferences, the Frisch labor supply elasticity is bounded below by
(1 − η) = 0.67. In particular:

lim
θ→∞

φ̄ =

(
1 − η + ηθ

θ

)(
1 − η

η

)
= 1 − η.

This is why we chose to equate the coefficient of risk aversion across alternative preference specifications,
rather than the Frisch elasticity for labor supply.
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component vα starts at a value around 0.17 and rises to 0.22 in the mid 1990s.26

In light of these results, we set ∆vε = ∆vα = 0.05 when evaluating the welfare implica-

tions of rising dispersion. Moreover, focusing on the levels of labor market uncertainty of

the 1990s, we set vα = 0.22 and vε = 0.13.27

Measurement of cross-sectional moments: From the same PSID data discussed

above, we measured an increase in the cross-sectional variance of log-hours worked of 0.01

(from 0.08 to 0.09), and an increase in the covariance between hours and wages of roughly

0.012 (from -0.021 to -0.009). According to Slesnick (2001), the rise in the variance of log-

consumption over the past 20 years has been small, around 0.01 (from 0.20 in 1980 to 0.21

in 1995). Krueger and Perri (2005) and Attanasio, Battistin and Ichimura (2003) argue that

consumption inequality rose by about 0.05. Since there are important measurement issues

that are far from being settled in this literature, we simply adopt a mid-point estimate of 0.03

for our calculations. Finally, Krueger and Perri (2003) report that the covariance between

hours and consumption declined by 0.007 (from 0.037 to 0.030) over the period of interest.28

6.2 Results

We summarize our results in Table 1. To gauge the quality of our approximations relative

to the exact welfare expressions contained in the Appendix, we also report, in parentheses,

the values implied by the approximated welfare expressions described in Propositions 1, 2

and 3, and 1a, 2a and 3a. Below the total welfare change, we report the decomposition of

our approximated welfare change into volatility and level effects.

26Our findings can be summarized as follows: (i) the transitory component accounts for roughly 1/3 of
the total dispersion; (ii) the rise in wage dispersion is accounted equally by the two components. These
results are in line with the existing literature. See, among others, Gottschalk and Moffitt (1994), Katz and
Autor (1999), Heathcote, Storesletten and Violante (2004). The latter paper also contains a more detailed
discussion of the data.

27By using the statistical wage decomposition into permanent and transitory shocks estimated on U.S.
data, we implicitly assume that the individual productivity process is exogenous and independent of the
market structure. An alternative view is that the depth of financial markets might affect human capital
accumulation decisions and hence influence the nature of the productivity shock process. For simplicity, we
have abstracted from such interaction here (see Huggett, Yaron and Ventura, 2004, for recent progress in
that direction).

28The levels of these variances and covariances are potentially affected by measurement error. However,
as long as the measurement error 1) is multiplicative in levels, 2) is orthogonal to the true value, and 3) its
variance is constant over the period, then the changes in these measured cross-sectional moments will not
be affected.
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Table 1: Welfare Changes (% of lifetime consumption)

Welfare change of Welfare gain from Welfare change from
rise in wage dispersion completing markets eliminating risk

model-based moment-based

Cobb-Douglas Preferences

ωIM ωIM χIM→CM κIM

-2.47% (-2.50%) -2.65% +39.1% (+33.0%) +16.9% (+15.5%)

Volat. Level Volat. Level Volat. Level Volat. Level
-7.50% +5.00% -3.85% +1.20% +11.0% +22.0% +28.5% -13.0%

Separable Preferences

ωIM ωIM χIM→CM κIM

-3.06% (-3.13%) -2.80% +29.2% (+24.8%) +17.8% (+16.0%)

Volat. Level Volat. Level Volat. Level Volat. Level
-4.38% +1.25% -4.00% +1.20% +8.3% +16.5% +17.0% -1.0%

Welfare effects of rising dispersion, model approach: We begin from the extreme

market structures: the estimated welfare changes in complete markets and autarky are

lower and upper bounds for the true welfare loss. In the complete-markets economy there

is a sizeable increase in welfare when wage dispersion increases. The welfare gain is larger

under the Cobb-Douglas specification (5% versus 2.5% of lifetime consumption) due to the

higher labor supply elasticity relative to the separable case. Note that the volatility effect

is negative, even under complete markets, due to the increase in the dispersion of hours.

However, the positive level effect always dominates.

The welfare loss in autarky is approximately 10%. The welfare loss in autarky is slightly

smaller with separable preferences, just as the welfare gain in complete markets is smaller

with the separable specification. Recall that, with Cobb-Douglas preferences, hours worked

are constant in autarky, whereas adjustments in hours worked are used as a vehicle of self-

insurance when preferences are separable (provided γ > 1), which reduces the welfare cost

of additional wage risk.

Putting together these first two results, and recalling that ωIM is a weighted average

of ωCM and ωAUT , it is not surprising that the welfare losses of the observed rise in wage

dispersion for the incomplete markets economy are quite similar across the two cases, between

2.5% and 3% of lifetime consumption. With Cobb-Douglas preferences, the welfare loss due

to the volatility component is 7.5% of lifetime consumption, and the welfare gain due to
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the better productive opportunities (the aggregate labor productivity gain) is 5%. With

separable preferences both components are smaller in absolute value.

Welfare effects of rising dispersion, cross-sectional moment approach: Since it

is reasonable to think of the actual United States economy (the source of the above cross-

sectional moments) as the incomplete markets model, we only compute the welfare change

due to a rise in dispersion for this economy. For the separable preferences case (assuming

γ = σ = 2), one can easily plug in the changes in the variances of hours, consumption, and

in the covariance between hours and wages to obtain ωIM = −2.8%. A similar computation

for the Cobb-Douglas case (for which we also need the change in the covariance between

hours and consumption) yields ωIM = −2.65%. Both values are quite close to the welfare

estimates of Table 1, an encouraging result, given the diametrically different approaches.29

From Propositions 3 and 4 it follows that the degree to which a society is able to

allocate labor efficiently – labor productivity – has the simple empirical representation

cov (log h, log w), irrespectively of preferences or market structure. In our PSID sample,

labor productivity, measured as the ratio of aggregate earnings divided by aggregate hours,

increased by 13% from 1975 to 1995. Thus, better allocative matching of workers and hours

due to increased inequality can alone account for almost a tenth of the increase in aggregate

labor productivity over this period.

Welfare gains from completing markets: With Cobb-Douglas preferences, a house-

hold in the incomplete markets economy values the availability of a complete set of insurance

markets against the permanent component of wages at 39% of her lifetime consumption.

Starting from autarky, this number rises to 69% of lifetime consumption. With separable

preferences, these estimates are smaller, respectively 29% and 52%. The striking feature of

these results is that, in all cases, the gains associated with better productive opportunities

in complete markets are twice as big as the gains from reduced dispersion. Recall that,

since γ > 1, households with low permanent (uninsurable) wage components work longer

hours than those with high permanent components. However, efficiency dictates positive

assortative matching between wages and hours. Our calculations indicate that the aggregate

29Krueger and Perri (2003) propose to evaluate welfare effects using empirical data only, and it is natural
to compare their findings to our observable-based expressions. However, when they construct their data,
they abstract from the level effect. They assume Cobb-Douglas preferences and φ̄ = γ̄ = 4/3. Given
∆var (log h) = 0.01, their measurement of ∆cov (log h, log c) = −0.007 and ∆var (log c) = 0.01, the volatility
effect would be ωvol = −1.2%, which is close to their estimated welfare loss of −1.6%.
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productivity loss due to this inefficient assignment is substantial, around 20% of lifetime

consumption in the incomplete markets economy.

Welfare gains from eliminating risk: It is instructive to compare quantitatively the

welfare gains from eliminating labor market risk to those from insuring risk. In the Cobb-

Douglas case we obtain κIM = 16.9%, compared to χIM→CM = 39.1. Thus, eliminating risk

implies a welfare gain less than half as large as the welfare gain from completing markets. The

corresponding numbers for the separable preferences case are κIM = 17.8% and χIM→CM =

29.2%.

The fact that eliminating the insurable component of wage risk is welfare-reducing leaves

open the theoretical possibility that the welfare change from eliminating all idiosyncratic

wage risk through some redistributive policy might be negative. This is not the case, however,

in our calibration to the United States, because the empirical wage-hours covariance is

rather small, while the volatility effect is large given plausible choices for the preference

parameters.30

6.3 Relation to numerically-solved models

As a first point of comparison, we consider an economy identical to our benchmark incomplete-

markets model, except that instead of having access to a complete set of state-contingent

claims providing perfect insurance against transitory wage shocks, agents trade only a non-

contingent bond (e.g, Bewley, 1983; Imrohoroglu, 1989; Huggett, 1993; Aiyagari, 1994; Rios-

Rull, 1994). At the aggregate level bonds are in zero net supply. In this economy, the

welfare change associated with an increase in wage dispersion will depend on how much bor-

rowing is allowed, and on the discount factor β.31 We set the borrowing constraint close to

the “natural” limit (see, for example, Aiyagari, 1994) which ensures that interest payments

never exceed earnings given maximum labor effort. We adopt the Cobb-Douglas preference

specification, and set β = 0.97, which implies a final steady state interest rate of 3.05%.32

30In Heathcote, Storesletten and Violante (2004) we find the empirical correlation between hours and
wages (after correcting for measurement error in hours) in the PSID to be close to zero. We argue that this
finding is consistent with a large fraction of wage risk being uninsurable, and with preferences that exhibit
strong income effects in labor supply, so that hours respond negatively to positive uninsurable shocks to
wages.

31Using an endowment economy, Levine and Zame (2002) show that when agents have infinite horizons
and CRRA preferences, they achieve arbitrarily good insurance against non-permanent shocks when trading
only a non-contingent bond, as the discount rate goes to zero.

32To solve this model numerically, we assume that both the uninsurable component of the wage α and the
insurable component ε are drawn from symmetric two-point distributions. Given this two-point distribution,
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We compute expected welfare changes for individuals with mean wealth (zero) drawn at

random from the unconditional wage distribution. Given our end-of-sample estimates for

wage dispersion, the welfare gain for such agents from being dropped at random into the

incomplete markets economy is equivalent to a permanent 0.88% increase in consumption.

The expected welfare change in the Bewley economy associated with the measured rise in

wage dispersion is a 2.77% loss. This figure should be compared to the 2.37% loss in our

incomplete-markets economy. Increases in wage risk are slightly more costly in the model

with a single bond in part because greater wage risk reduces debt-repayment ability when

wages are low, and thus tightens the borrowing constraint. Nonetheless, the two models

deliver remarkably similar answers to our main welfare question.

In previous work (Heathcote, Storesletten and Violante, 2004), we computed the wel-

fare effects from the rise in U.S. wage dispersion in an overlapping-generations incomplete-

markets production economy. That model incorporated various features from which we

abstract in the incomplete-markets developed in this paper, including a hump-shaped age

profile for labor productivity, persistent wage shocks, mortality risk, unemployment risk,

borrowing constraints and a public pension system. We computed a welfare loss of 2.5%

when we averaged across all cohorts and weighted them equally. Thus our simple estimates

in Table 1 are extremely close to the outcome of this computational experiment in a much

richer model.

Other authors have used numerical methods to compute the welfare costs of market

incompleteness. In an infinitely-lived-agent version of the Bewley-Aiyagari-Huggett economy

Kubler and Schmedders (2001) estimate it at 6.5% in an endowment economy. Pijoan-Mas

(2004) calculates it to be on the order of 16% of lifetime consumption in a production

economy with flexible labor supply. Since fixed effects implicitly remain uninsured under

both interpretations of what it means for markets to be complete, the right comparison in our

setup would be moving from autarky to incomplete markets, i.e. providing insurance against

all risk except the fixed-effects. From our welfare expressions, it is easy to see that in the

separable preferences specification, setting γ = 1.5 and σ = +∞ (the Kubler-Schmedders

parameterization) we obtain ωAUT→IM = 7.5% and setting γ = 0.98 and σ = 0.61 (the

parametrization used by Pijoan-Mas), we arrive at ωAUT→IM = 18.5%.

the welfare change from increased wage dispersion in our benchmark incomplete-markets economy is −2.37%
compared to the −2.47% loss reported in Table 1 for the continuous Normal distribution. More details on
the numerical implementation are available upon request.
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Once again, the welfare estimates are remarkably similar. We conclude that our simpler

and more transparent framework can aid in understanding the economic mechanisms that

are driving richer and, arguably, more realistic models such as the Bewley framework, which

currently predominates in the study of distributional issues.

7 Concluding remarks

The main contributions of the paper are two. The analytical characterization of the welfare

effects from an increase in the dispersion of labor productivity, and the focus on the role

of endogenous labor supply. The analysis is conducted within a tractable class of dynamic

heterogeneous-agents economies with market structures ranging from autarky to complete

markets. We applied our framework to the recent observed surge in cross-sectional wage

dispersion in the United States and quantified the welfare loss associated with higher labor

market uncertainty.

For both Cobb-Douglas and separable preferences, welfare changes have a representation

in terms of observable second moments (variances and covariances) of the joint equilibrium

distribution of wages, hours worked and consumption. Further work should investigate the

generality of this representation across other families of preferences.

We emphasized the distinction between insuring risk and eliminating risk through redis-

tributive policies (i.e. market-provided insurance vs. social insurance). Overall, eliminating

idiosyncratic wage risk implies a welfare gain that is several orders of magnitude larger than

most estimates of the welfare gains from eliminating aggregate business cycle risk. However,

the welfare gains from eliminating wage risk are only around half as large as the gains that

would accrue from perfectly insuring wage risk. From a policy perspective, the immediate

implication is that the government should prioritize developing the legal and institutional

frameworks that will allow new insurance markets to develop. Sargent (2001) and Shiller

(2003) discuss a range of proposals along these lines.33

Informational frictions and imperfect commitment may limit the amount of insurance

that can ultimately be provided either through explicit financial markets, or through social

insurance policies designed to compress the wage distribution. For example, Krueger and

Perri (2003) study a calibrated endowment economy in which debt contracts can be only

33For example, Shiller’s six proposals are labelled “livelihood insurance”, “home equity insurance”, “macro
markets”, “income-linked loans”, “inequality insurance” and “intergenerational social security”.
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imperfectly enforced. They show that a rise in income dispersion might increase welfare

because it reduces the value of default and thereby increases the set of insurance contracts

that can be supported in equilibrium. The implications of rises in labor market risk in a

private information environment have not yet been addressed. Looking further ahead, an

important challenge in introducing these sorts of frictions is to do so in a way that maintains

tractability, thereby allowing for a transparent characterization of the various mechanisms

at work.
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8 Appendix

Appendix A: Equilibrium allocations for both preference specifications

It is useful to start from the incomplete markets case and then generalize our expressions to the
complete-markets and autarky economies. Consider a typical “component-planner” who chooses
efficiently consumption and hours worked for all agents on a particular α−island. First, note that
only an agent’s current transitory shock ε (and the island-wide value for α) can be relevant for
consumption and labor allocations. This follows from the fact that the planner weights all agents
identically, and preferences are time-separable. Thus the component planner’s problem is given by

max
{c(α,ε)h(α,ε)}ε∈E

∫
E

u (c (α, ε) , h (α, ε))φvε
(ε)dε (30)

subject to ∫
E

[w (α, ε)h (α, ε) − c (α, ε)]φvε
(ε)dε = 0. (31)

Cobb-Douglas preferences– In the Cobb-Douglas case, the planner’s first order condition
for hours may be written as

c (α, ε)
1 − η

η
− w (α, ε) = −w (α, ε)h (α, ε) .

Substituting the left hand side of this latter equation into the resource constraint (equation 31)
and collecting terms gives

∫
E

c (α, ε)φvε
(ε)dε = η

∫
E

w (α, ε)φvε
(ε)dε = η exp(α). (32)

The first order condition for consumption is

µ = ηc (α, ε)η(1−θ)−1 (1 − h (α, ε))(1−η)(1−θ) , (33)

where µ is the Lagrange multiplier on the resource constraint for the component planner. Using the
intra-temporal first order condition to substitute out for leisure in equation (33) and rearranging
gives

c (α, ε) =

(
η

µ

)1/θ (1 − η

η

)(1−η)(1−θ)/θ

w (α, ε)−(1−η)(1−θ)/θ . (34)

Integrating across the population

∫
E

c (α, ε)φ
vε

(ε)dε =

(
η

µ

)1/θ (1 − η

η

)(1−η)(1−θ)/θ ∫
E

w (α, ε)−(1−η)(1−θ)/θ φ
vε

(ε)dε. (35)

Note that

∫
E

w (α, ε)−(1−η)(1−θ)/θ φ
vε

(ε)dε =
∫
E

(exp(α) exp(ε))−(1−η)(1−θ)/θ φ
vε

(ε)dε

= exp

(
(1 − η) (θ − 1)

θ
α

)
exp

(
(1 − η) (1 − θ)

1 − η + ηθ

θ2

vε

2

)
,

where the last step exploits the fact that ε is log-normally distributed.
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Combining equations (32) and (35) implies

(
η

µ

)1/θ (1 − η

η

)(1−η)(1−θ)/θ

= η−1 exp

(
(1 − η) (θ − 1)

θ
α

)
exp

(
(1 − η) (1 − θ)

1 − η + ηθ

θ2

vε

2

)
exp(−α)

(36)
Substituting this term into equation (34) to solve for consumption and then using the first order
condition for hours (equation 8) to solve for hours yields efficient allocations only as a function of
the primitive parameters, as described in equations (20) in the text.

Separable preferences– When preferences are separable between consumption and hours,
the first-order conditions for the planner imply

c (α, ε) = µ−1/γ , (37)

h (α, ε) = c (α, ε)−γ/σ exp

(
α+ ε

σ

)
.

Note immediately from equations (37) that when preferences are separable, the planner gives all
agents on an α−island the same level of consumption.

Using the planner’s resource constraint (equation 31), it is straightforward to solve for µ :

µ = exp

(
−γ
(
α+

vε

2σ

) 1 + σ

σ + γ

)
.

Substituting this expression into equations (37) yields efficient allocations only as a function of
the primitive parameters, as described in equations (29) in the text.

Allocations in the autarky and complete markets economies–The expressions for equi-
librium allocations in the complete markets and autarky economies are essentially special cases
of the expressions for the incomplete markets economy derived above. Consider the expressions
for consumption and labor supply under incomplete markets in equations (20) (for Cobb-Douglas
preferences) and (29) (for separable preferences). Let s = (u, i) denote the values of the uninsurable
component of the wage and the insurable component of the wage that constitute the individual
state variables for a particular agent, and let S = (vu, vi) denote the population variances of the
uninsurable and insurable components that define the aggregate state of the economy. In the in-
complete markets economy, s = (α, ε) and S = (vα, vε). The complete markets economy is a special
case of the incomplete markets economy in which s = (0, α+ ε) and S = (0, vα + vε). In particular,
one can arrive at the corresponding complete markets allocations (15) and (28) simply by taking
the incomplete markets allocations and applying this mapping. Similarly, the autarky economy is
a special case of the incomplete markets economy in which s = (α+ ε, 0) and S = (va + vε, 0).

Endowing the planner with a savings technology– Note that vε and vα are time invariant,
since we are considering a stationary environment. Thus in the incomplete markets economy
the marginal utility of consumption is constant through time within each α−island. It follows
immediately we could endow the component-planner with the ability to transfer resources through
time via a technology offering gross return β−1 without affecting allocations. Similar arguments
apply to the complete markets economy.

42



Appendix B: Proof of Propositions 1 and 1a

Proof of Proposition 1

Incomplete markets– First, it is helpful to compute expected welfare. When preferences
are non-separable between consumption and hours worked, unconditional expected period utility
is given by

W = E [u (cIM (α, ε), hIM (α, ε))] =

∫

A

∫

E

u (cIM (α, ε), hIM (α, ε))φvε
(ε)φvα

(α)dεdα

= E




(
cIM (α, ε)η (1 − hIM (α, ε))1−η

)1−θ

1 − θ


 .

Recalling that the wage w = exp (α+ ε), and using the intra-temporal first-order condition, we
can write expected utility as

W =




(
cIM (α, ε)η

(
1−η

η (exp (− (α+ ε))) cIM (α+ ε)
)1−η

)1−θ

1 − θ




=
1

1 − θ

(
1 − η

η

)(1−η)(1−θ)

E
[
exp (− (1 − η) (1 − θ) (α+ ε)) cIM (α, ε)(1−θ)

]
.

Substituting the equilibrium expressions for cIM (α, ε) (see equations 20), expected utility becomes:

W = κE

[
exp (η (1 − θ)α)

(
exp (− (1 − η) (1 − θ) ε) exp

(
(1 − θ) (1 − η) (θ − 1)

θ

(
εi +

1 − η + ηθ

θ

vε

2

)))]
,

where κ ≡ 1
1−θ

(
1−η

η

)(1−η)(1−θ)
η1−θ.

Recall now that, since α is normally distributed with mean −vα

2 and variance v, xα is still

normal with mean −xvα

2 and variance x2vα. Therefore, E (exp (xα)) = exp
(
−xvα

2 + x2vα

2

)
= exp

(
x (x− 1) vα

2

)
And similarly for ε. Using these properties to compute the expectation above, and

rearranging terms yields:

W = κ exp

(
(1 − η + ηθ) (1 − η) (1 − θ)

θ

vε

2
− (1 − η + ηθ) (1 − θ) η

vα

2

)
. (38)

Now, recall that ωIM , the cost of a rise in the variance of the two components of the wage
process from vε to v̂ε = vε + ∆vε and from vα to v̂α = vα + ∆vα, is defined by equation (7) , which
we reproduce here:

∫

A

∫

E

u ((1 + ωIM )cIM (α, ε), hIM (α, ε))φvε
(ε)φvα

(α)dεdα =

∫

A

∫

E

u
(
ĉIM (α, ε), ĥIM (α, ε)

)
φv̂ε

(ε)φv̂α
(α)dεdα.

(39)
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To compute the welfare effect of changing wage dispersion ωIM , we can plug in the expression
for expected utility in (38) and rewrite equation (39) as

(
1 + ωIM

)η(1−θ)
κ exp

(
(1 − η + ηθ) (1 − η) (1 − θ)

θ

vε

2
− (1 − η + ηθ) (1 − θ) η

vα

2

)

= κ exp

(
(1 − η + ηθ) (1 − η) (1 − θ)

θ

v̂ε

2
− (1 − η + ηθ) (1 − θ) η

v̂α

2

)
.

Collecting terms, we obtain

(
1 + ωIM

)η(1−θ)
= exp

(
(1 − η + ηθ) (1 − η) (1 − θ)

θ

∆vε

2
− (1 − η + ηθ) (1 − θ) η

∆vα

2

)
,

which implies the exact expression for ωIM :

1 + ωIM = exp

(
1 − η

η

1 − η + ηθ

θ

∆vε

2
− (1 − η + ηθ)

∆vα

2

)

Thus, taking logarithms of both sides, and using a log-approximation of the type ln (1 + x) ≃ x on
the left-hand side of the above equation, we arrive at

ωIM ≃
1 − η

η

1 − η + ηθ

θ

∆vε

2
− (1 − η + ηθ)

∆vα

2

= φ̄
∆vε

2
− φ̄θ

η

1 − η

∆vα

2
,

which is the expression stated in Proposition 1.

Complete markets and autarky–With the expression for the welfare cost under incomplete
markets in hand, it is straightforward to derive the corresponding expressions under complete
markets and under autarky. In particular, denote the aggregate state in the incomplete markets
economy S = (vα, vε) where the first element of S.denotes the variance of the uninsurable component
of the wage, and the second element denotes the variance of the insurable component. The complete
markets economy is a special case of the incomplete markets economy in which S = (0, vα + vε).
Thus the complete markets expression for ωCM , the welfare cost of an increase in wage inequality,
is the same as that for the incomplete markets economy described above except that the term ∆vα

in the expression ωIM drops out, and the term ∆vε is replaced with ∆vα + ∆vε. Similarly, the
autarky economy is a special case of the incomplete markets economy in which S = (va + vε, 0).

Decomposition into level effect and volatility effect– We derive the decomposition for
the IM case. The derivations for the other market structures follow easily. Aggregate consumption
and leisure allocations in IM are given by:

C = E [c(α, ε)] = η,

H = E [h(α, ε)] = 1 − (1 − η) exp (λvε) .

With these expressions in hand, it is straightforward to compute the level affect associated with an
increase in the variances of the two components of the wage from vα and vε to v̂α and v̂ε applying
the definition in equation (8) to the separable specification for preferences:

((
1 + ωlev

IM

)η
Cη(1 −H)1−η

)1−θ

1 − θ
=

(
Ĉη
(
1 − Ĥ

)1−η
)1−θ

1 − θ
,
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where ĈIM and ĤIM denote average consumption and hours worked given the more volatile process
for wages. Since average consumption is invariant to wage dispersion,

(
1 + ωlev

IM

)η
(1 −H)1−η =

(
1 − Ĥ

)1−η
,

1 + ωlev
IM = exp

(
1 − η

η
λ∆vε

)
,

ωlev
IM ≃ φ∆vε,

which yields the level effect of Proposition 1.

At this point, it is useful to recall that Flodén (2001) demonstrates that if u (xc, h) is “homoge-
nous” in the sense that u (xc, h) = g (x)u (c, h), then

1 + ωm =
(
1 + ωlev

m

)(
1 + ωvol

m

)
⇒ ωm ≃ ωlev

m + ωvol
m , (40)

up to second-order terms. Clearly, the Cobb–Douglas specification satisfies this homogene-
ity property. Therefore, given ωlev

IM , the expression for ωvol
IM can be derived residually, exploiting

equation (40) .

Proof of Proposition 1A

Incomplete markets– As for the Cobb-Douglas case, first it is helpful to compute expected
welfare. When preferences are separable between consumption and hours worked, unconditional
expected period utility is given by

W = E [u (cIM (α, ε), hIM (α, ε))] =

∫

A

∫

E

u (cIM (α, ε), hIM (α, ε))φvε
(ε)φvα

(α)dεdα

= E

[
1

1 − γ
cIM (α, ε)1−γ −

1

1 + σ
hIM (α, ε)1+σ

]
.

Using the equilibrium expressions for cIM (α, ε) and hIM (α, ε) (see equations 29), expected
utility is given by:

W =
1

1 − γ
exp

(
(1 + σ) (1 − γ)

γ + σ

vε

2σ

)
E

[
exp

(
(1 + σ) (1 − γ)

γ + σ
α

)]
−

1

1 + σ
exp

(
−(1 + σ)2

γ + σ

γvε

2σ2

)
E

[
exp

(
(1 + σ) (1 − γ)

γ + σ
α

)
exp

(
(1 + σ)

σ
ε

)]
.

Now using the fact that α and ε are normally distributed, the terms inside the expectation
signs are log-normally distributed and one can easily compute that the expectation terms are given
by

E

[
exp

(
(1 + σ) (1 − γ)

γ + σ
α

)]
= exp

(
κ(κ− 1)

vα

2

)
,

E

[
exp

(
(1 + σ) (1 − γ)

γ + σ
α

)
exp

(
(1 + σ)

σ
ε

)]
= exp

(
κ(κ− 1)

vα

2

)
exp

(
(1 + σ)

σ2

vε

2

)
,

where κ = (1+σ)(1−γ)
γ+σ .
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Collecting terms, the expression for expected utility reduces to

W = exp
(
κ(κ− 1)

vα

2

)
exp

(
κ
vε

2σ

)( 1

1 − γ
−

1

1 + σ

)

= exp
(
κ(κ− 1)

vα

2

)
exp

(
κ
vε

2σ

) 1

κ
. (41)

To compute the welfare effect of changing wage dispersion ωIM , note that the left hand side of
equation (39) can be expressed as

exp
(
κ(κ− 1)

vα

2

)
exp

(
κ
vε

2σ

)((1 + ωIM )1−γ

1 − γ
−

1

1 + σ

)
.

Thus ωIM is implicitly defined by
(

(1 + ωIM )1−γ

1 − γ
−

1

1 + σ

)
= exp

(
κ(κ− 1)

∆vα

2

)
exp

(
κ

∆vε

2σ

)
1

κ

or

1 + ωIM =

[
1 − γ

1 + σ
+
γ + σ

1 + σ
exp

(
κ(κ− 1)

∆vα

2

)
exp

(
κ

∆vε

2σ

)] 1

1−γ

This welfare expression is exact, but rather involved. However, ωIM can be very closely ap-
proximated by a much simpler expression. In particular, we use a log-approximation of the type
ln (1 + x) ≃ x on the left-hand side of the equation, and the approximation exp (x) ≃ 1 + x on the
right-hand side, which gives

ωIM ≃
1

1 − γ
ln

[
1 − γ

1 + σ
+
γ + σ

1 + σ

(
1 + κ(κ− 1)

∆vα

2

)(
1 + κ

∆vε

2σ

)]

=
1

1 − γ
ln

[
1 +

γ + σ

1 + σ

(
κ

∆vε

2σ
+ κ(κ− 1)

∆vα

2
+ κ2(κ− 1)

∆vα

2

∆vε

2σ

)]

≃
1

1 − γ
ln

[
1 +

γ + σ

1 + σ

(
κ

∆vε

2σ
+ κ(κ− 1)

∆vα

2

)]

≃
1

κ

(
κ

∆vε

2σ
+ κ(κ− 1)

∆vα

2

)

=
∆vε

2σ
+ (κ− 1)

∆vα

2

=
∆vε

2σ
+

[
(1 − γ) − γ(1 + σ)

γ + σ

]
∆vα

2

where the last expression is the one we report in the text in Proposition 1.

Complete markets and autarky– The derivation of the welfare change under complete
markets and autarky follows exactly the logic outlined above for the Cobb-Douglas case.

Decomposition into level effect and volatility effect– We derive the decomposition for
the IM case. The derivations for the other market structures follow easily. Aggregate consumption
and leisure allocations in IM are given by:

C = E [c(α, ε)] = exp

(
(1 + σ)

(γ + σ)

vε

2σ

)
exp

(
(1 + σ)(1 − γ)

(γ + σ)2
vα

2

)
, (42)

H = E [h(α, ε)] = exp

(
1 − 2γ − σ

(γ + σ)σ

vε

2

)
exp

(
(1 − γ)(1 − 2γ − σ)

(γ + σ)2
vα

2

)
. (43)
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With these expressions in hand, we compute the level affect associated with an increase in the
variances of the two components of the wage from vα and vε to v̂α and v̂ε applying the definition
in equation 8 to the separable specification for preferences:

(
1 + ωlev

IM

)1−γ
C1−γ

1 − γ
−
H1+σ

1 + σ
=
Ĉ1−γ

1 − γ
−
Ĥ1+σ

1 + σ
,

where ĈIM and ĤIM denote average consumption and hours worked given the more volatile process
for wages. Substituting in the expressions for aggregate variables and collecting terms gives

(
1 + ωlev

IM

)1−γ
=

1 − γ

1 + σ
exp

(
−

(1 + σ)

σ

vε

2

)
exp

(
−κ

vα

2

)

−
1 − γ

1 + σ
exp

(
κ

σ

∆vε

2
−

(1 + σ)

σ

v̂ε

2

)
exp

((
(1 − γ)κ

(γ + σ)

∆vα

2
− κ

v̂α

2

))

+ exp

(
κ

∆vε

2σ

)
exp

(
(1 − γ)κ

(γ + σ)

∆vα

2

)

where κ = (1+σ)(1−γ)
γ+σ .

Applying the approximation exp(x) ≃ 1 + x for x ≃ 0 to the right hand side of this expression
and collecting terms gives

(
1 + ωlev

IM

)1−γ

1 − γ
≃

1

1 − γ
+

1

σ
∆vε +

1 − γ

(γ + σ)
∆vα.

Multiplying both sides by (1 − γ), and taking logs,

(1 − γ) ln
(
1 + ωlev

IM

)
≃ ln

(
1 + (1 − γ)

[
1

σ
∆vε +

1 − γ

(γ + σ)
∆vα

])
.

Using the approximation ln (1 + x) ≃ x on both sides of this expression gives

ωlev
IM ≃

1

σ
∆vε +

1 − γ

(γ + σ)
∆vα,

which is the expression reported in the text in Proposition 1a.

We now compute the volatility component of the welfare effect. The first step is to calculate a
certainty equivalent value for consumption c(HIM ), such that the utility associated with consuming
c(HIM ) and working HIM hours is equal to expected equilibrium utility:

u(c(HIM ), HIM ) =

∫

A

∫

E

u (cIM (α, ε), hIM (α, ε))φvε
(ε)φvα

(α)dεdα.

Given the separable specification for preferences, and equations (41) and (43) for expected utility
and aggregate hours, the expression for certainty equivalent consumption can be rewritten in terms
of the aggregate state (vα, vε) and preference parameters:

c(H)1−γ =
1

1 + σ
(γ + σ) exp

(
(1 + σ) (1 − γ)

(γ + σ)

(
1 − 2γ − γσ

γ + σ

vα

2
+

1

σ

vε

2

))
+

1

1 + σ
(1 − γ) exp

(
(1 + σ) (1 − 2γ − σ)

(γ + σ)

(
(1 − γ)

(γ + σ)

vα

2
+

1

σ

vε

2

))
.
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Applying the approximation exp(x) ≃ 1 + x for x ≃ 0 and collecting terms gives

c(H)1−γ ≃
(1 − γ) [(1 − 2γ − γσ)(γ + σ) + (1 − γ) (1 − 2γ − σ)]

(γ + σ)2
vα

2
+

+
1

σ

(1 − γ)2

(γ + σ)

vε

2
+ 1.

Using the approximation 1 + x ≃ exp(x) for x ≃ 0 and raising both sides of the equation to the
power 1

1−γ gives

c(H) ≃ exp

(
(1 − 2γ − γσ)(γ + σ) + (1 − γ) (1 − 2γ − σ)

(γ + σ)2
vα

2
+

1

σ

(1 − γ)

(γ + σ)

vε

2

)
. (44)

Applying the definition in equation (9), the cost of uncertainty p is the solution to

u((1 − p)C,H) = u(c(H), H)

which, given separable preferences, implies 1−p = c(H)/C. Substituting in equations (42) and (44)
gives

1 − p ≃ exp

(
−(1 + σγ)

γ + σ

vα

2
−

1

σ

vε

2

)
= exp

(
−

1 − γ

γ + σ

vα

2
− γ

1 + σ

γ + σ

vα

2
−

1

σ

vε

2

)
.

Using the definition for the cost of volatility in equation (10) gives

1 + ωvol
IM =

1 − p̂

1 − p
≃ exp

(
−

1 − γ

γ + σ

∆vα

2
− γ

1 + σ

γ + σ

∆vα

2
−

1

σ

∆vε

2

)

≃ 1 −
1 − γ

γ + σ

∆vα

2
− γ

1 + σ

γ + σ

∆vα

2
−

1

σ

∆vε

2
.

where the last expression is the one reported in Proposition 1a.

Appendix C: Proof of Propositions 3 and 3A

Proof of Proposition 3

We begin by establishing a useful approximated relationship between log (1 − h) and log h:

log (1 − h) = logE (1 − h) + log
1 − h

E (1 − h)

≃ logE (1 − h) +
1 − h

E (1 − h)
− 1

= logE (1 − h) −
E (h)

E (1 − h)

(
h

E (h)
− 1

)

≃ logE (1 − h) −
E (h)

E (1 − h)
log

(
h

E (h)

)

= logE (1 − h) +
E (h)

E (1 − h)
logE (h) −

E (h)

E (1 − h)
log (h)

= const−
1 − (1 − η) exp

(
1−η+ηγ

γ vε

)

(1 − η) exp
(

1−η+ηγ
γ vε

) log (h) ,

48



where the first two approximations are accurate for small deviations of (1 − h) and h from their
respective means. The final row uses the fact that, from equation (20) in the main text,

E (1 − h) = 1 − E (h) = (1 − η) exp

(
1 − η + ηγ

γ
vε

)
.

Simplifying, we arrive at

log (1 − h) ≃ const−
η

1 − η
log (h) , (45)

where this last approximation is accurate when vε ≃ 0. Note that in autarky, this expression holds
as an identity.

By virtue of this approximate relationship, it is straightforward to see that

cov (logw, log h) ≃ −
1 − η

η
cov (logw, log (1 − h)) =

(
1 − η

η

)
λ (θ, η) vε = φ̄vε.

Recall, from Proposition 1, that the level effect in the Cobb-Douglas case is ωlev
IM = φ̄∆vε. Thus,

the level effect equals the change in the covariance between hours and wages.

To write the volatility effect ωvol
IM in terms of observables, note first that from the equilibrium

allocations in (20) and from (45), one can easily derive that

var (log h) ≃

(
1 − η

η

)2

λ (θ, η)2 vε = φ̄
2
vε,

var (log c) = vα + (1 − λ)2 vε,

cov (log h, log c) ≃ −
1 − η

η
cov (log (1 − h) , log c) =

(
1 − η

η

)
λ (1 − λ) vε.

From the expression of the volatility effect in Proposition 1,

ωvol
IM = −φ̄

∆vε

2
− γ̄

∆vα

2

= −
1

φ̄

[
φ̄

2
∆vε

]
−
γ̄

2

[
var (log c) − (1 − λ)2 vε

]

= −
1

φ̄
∆var (log h) −

γ̄

2

[
var (log c) −

(
η

1 − η

)(
1 − λ

λ

)
∆cov (log h, log c)

]

= −
1

φ̄
∆var (log h) −

γ̄

2

[
var (log c) −

(
γ̄ − 1

γ̄

)
∆cov (log h, log c)

]

= −
1

φ̄
∆var (log h) −

γ̄

2
var (log c) +

(γ̄ − 1)

2
∆cov (log h, log c) .

The second row uses the definition of the variance of log-consumption, the third row the defi-
nition of the variance of log-hours and of the covariance between log-consumption and log-hours.
The fourth row requires some algebra and the definition of λ and γ̄ in equation (12). The final row
contains the expression of Proposition 3.
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Proof of Proposition 3a

With separable preferences, we can write the welfare change of a rise in inequality under com-
plete markets ωIM as:

ωIM ≃
1

σ

∆vε

2
+

[
1 − γ

σ + γ
− γ

1 + σ

σ + γ

]
∆vα

2

=
1

σ
∆vε +

(
1 − γ

σ + γ

)
∆vα −

1

σ

∆vε

2
−

[
(1 − γ) + γ (1 + σ)

σ + γ

]
∆vα

2
.

From Proposition 1a, we know that ωlev
IM = 1

σ∆vε +
(

1−γ
σ+γ

)
∆vα, and from the equilibrium

allocations, it is easy to verify that

cov (logw, log h) =
1

σ
vε +

1 − γ

σ + γ
vα,

which proves that the level effect ωlev
IM = ∆cov (logw, log h).

Now, consider the volatility effect ωvol
IM :

ωvol
IM = −

1

σ

∆vε

2
−

[
(1 − γ) + γ (1 + σ)

σ + γ

]
∆vα

2
(46)

= −σ

(
1

σ2

∆vε

2

)
−

[
(σ + γ)

(1 − γ) + γ (1 + σ)

(σ + γ)2

]
∆vα

2

= −σ

(
1

σ2

∆vε

2

)
−

[
σ (1 − γ)2 + γ (1 + σ)2

(σ + γ)2

]
∆vα

2

= −σ

[
1

σ2

∆vε

2
+

(
1 − γ

σ + γ

)2 ∆vα

2

]
− γ

(
1 + σ

σ + γ

)2 ∆vα

2
.

From the equilibrium allocations in (29), it is easy to derive that

var (log c) =

(
1 + σ

σ + γ

)2

vα,

var (log h) =
1

σ2
vε +

(
1 − γ

σ + γ

)2

vα.

Substituting these two expressions in the last row of (46) concludes the proof for the separable
case.

Appendix D: Proof of corollary 5

We show that the equivalence between level effect and the change in average productivity holds
for the incomplete markets case. The results for the other market structures are easy to recover,
in light of this proof. Let πIM be the average productivity in IM in the economy with variances
(vα, vε), i.e.

πIM ≡
E (cIM (α, ε))

E (hIM (α, ε))
=

η

1 − (1 − η) exp (λvε)
≃

η

1 − (1 − η)(1 + λvε)
=

1

1 − φ̄vε
,
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where the log-approximation holds for λvε small. Let π̂IM be the average productivity in IM in the
economy with variances (v̂α, v̂ε) . Then, the ratio of labor productivities across the two economies
is

π̂IM

πIM
=

1 − φ̄vε

1 − φ̄v̂ε
⇒ ∆ log πIM ≃ φ̄∆vε = ωlev

IM .

Separable preferences: As argued in the text the above proof can be extended to separable
preferences. Using the same notation as for the Cobb-Douglas case:

πIM ≡
E (cIM (α, ε))

E (hIM (α, ε))
=

exp
(

1+σ
γ+σ

(
vε

2σ

))
exp

(
1+σ
γ+σ

(
1−γ
γ+σ

)
vα

2

)

exp
(

1+σ
γ+σ

(−γvε

2σ2

))
exp

(
1−γ
γ+σ

(
1−γ
γ+σ − 1

)
vα

2

)
exp

(
1−σ
σ2

vε

2

)

= exp

[(
1 + σ

γ + σ
+
γ (1 + σ)

σ (γ + σ)
−

1 − σ

σ

)
vε

2σ

]

· exp

[(
(1 − γ)

(1 + σ) − (1 − 2γ − σ)

(γ + σ)2

)
vα

2

]

= exp
(vε

σ

)
exp

(
1 − γ

γ + σ
vα

)
,

where the second and third rows require some simple rearranging and simplifying. Then, the
productivity gain following a rise in wage dispersion is

∆ log πIM =
∆vε

σ
+

(
1 − γ

γ + σ

)
∆vα = ωlev

IM .
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Figure 1: Cobb-Douglas Preferences
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(B) Welfare gain of a rise in labor market risk under complete markets
                                        (∆v normalized to 1)                                                
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(A) Welfare gain of a rise in labor market risk under autarky 
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Figure 2: Cobb-Douglas Preferences
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(A) Welfare gain of completing the markets under autarky 
        (variance of uninsurable shock normalized to 1)          
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Figure 3: Separable Preferences
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(A) Welfare gain of a rise in labor market risk under complete markets 
(∆v normalized to 1)
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Figure 4: Separable Preferences
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