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Abstract

This paper studies a complete-market version of the neoclassical growth model, where agents
face idiosyncratic shocks to earnings. We show that if agents possess identical preferences of either
the CRRA or the addilog type, then the heterogeneous-agent economy behaves as if there was a
representative consumer who faces three kinds of shocks, to preferences, to technology and to labor.
We calibrate and simulate the constructed representative-consumer models. We find that idiosyncratic
uncertainty can have a non-negligible effect on aggregate labor-market fluctuations.
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1. Introduction

Many recent papers have studied the implications of heterogeneous-agent models
where agents experience idiosyncratic shocks to their earnings, e.g., Huggett (1993),
Aiyagari (1994), Kydland (1995), Castafieda et al. (1998), Krusell and Smith (1998).
The analysis of equilibrium in models with idiosyncratic uncertainty relies on numerical
methods and can be fairly complicated, especially if idiosyncratic shocks are correlated
across agents and thus, have a non-trivial effect on aggregate dynamics. This paper
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presents a complete-market aggregation result, which under the standard restrictions on
preferences, can simplify the equilibrium characterization: we can restore the equilibrium
in a heterogeneous-agent economy essentially by solving a one-consumer model. In
particular, we can easily study the effect of the idiosyncratic productivity shocks on the
aggregate dynamics.

Our analysis is carried out in the context of a heterogeneous-agent variant of the
standard neoclassical growth model by Kydland and Prescott (1982). Our aggregation
result is as follows: If agents possess identical preferences of either the CRRA or
the addilog type, then the heterogeneous-agent economy behaves as if there was a
representative consumer who faces three kinds of shocks, to preferences, to technology and
to labor. Specific assumptions about wealth distribution and the process for idiosyncratic
shocks do not affect the structure of the constructed representative-consumer model but
merely the stochastic properties of shocks in such a model. We shall emphasize that
“shocks from aggregation” appear as a consequence of the assumption of idiosyncratic
uncertainty and are not present in the representative-consumer models, constructed under
the assumption of time-invariant individual characteristics, as in, e.g., Chatterjee (1994),
Atkeson and Ogaki (1996), Caselli and Ventura (2000), Maliar and Maliar (2000, 2001).

A starting point for our analysis is the result of aggregation in the equilibrium point
by Constantinides (1982), who shows that if a representative consumer is to replicate
the aggregate behavior of a heterogeneous-agent economy for just one fixed wealth
distribution and for just one fixed (equilibrium) price vector, then the representative
consumer exists with virtually no restrictions on the individual preferences. This result
is shown in two steps: First, the heterogeneous consumers are replaced by a social
planner who maximizes the weighted sum of the individual utility functions, and secondly,
the planner is replaced by a “composite” consumer who maximizes a “social utility
function” of aggregate quantities. With the welfare weights in the inverse proportion to
the equilibrium marginal utilities of consumption, the constructed one-consumer model
yields the aggregate equilibrium allocation in the decentralized economy.

Under the construction of Constantinides (1982), the social utility function is defined
implicitly, as a maximum point of the weighted sum of the individual utility functions.

In terms of our model, this definition implies that the social utility function depends on
the aggregate quantities, the distribution of welfare weights and the distribution of labor
productivities. In general, there is no easy way of characterizing the relationship between
the distributions and the shape of the social utility function. To know what the social utility
function looks like, we need, essentially, to solve for the equilibrium in the heterogeneous-
agent economy. In some cases, however, it is possible to construct the social utility function
analytically. Our examples of aggregation are precisely two such cases. The property,
which is common to both our examples, is that the functional form of the social utility
function is invariant to changes in the distributions of welfare weights and productivities;
the distributions affect only the parameters of the social utility function. Our results lie
somewhere between Gorman’s (1953) exact aggregation, when social preferences are
the same for all distributions of individual characteristics, and Constantinides’ (1982)
aggregation in the equilibrium point, when the social preferences depend on the distribution
of individual characteristics in a manner, which is difficult to characterize.
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With the aggregation result in hand, we can easily investigate quantitative predictions
of models with, literally, millions of agents. We therefore complement the theoretical
analysis by studying the implications of a calibrated version of our model. We assume that
the process for idiosyncratic shocks is given by the sum of the individual and aggregate
components. We calibrate the individual characteristics by using data from the Panel Study
of Income Dynamics (PSID). The aggregate component is chosen so that the process
for technology shocks, in our heterogeneous-agent model, is identical to the one used in
the literature for parameterizing the benchmark homogeneous-agent setup. The remaining
parameters are fixed so that the model reproduces selected time series observations on
the US economy. We find that in both ti@RRA and addilog cases, the impact of the
preference shocks on the aggregate dynamics is quantitatively small. The effect associated
with the labor shocks is, however, sizeable. Such shocks can significantly increase the
volatility of working hours and can lead to acyclical or even countercyclical behavior of
labor productivity.

The paper is organized as follows: Section 2 formulates a heterogeneous-agent model.
Section 3 derives aggregation results under the assumptions @RRA and addilog
types of preferences. Section 4 describes the methodology of the numerical analysis and
discusses the simulation results, and finally, Section 5 concludes.

2. The economy

Time is discrete and the horizon is infinit& = 0,1, ..., 00. The environment is
composed of a set of heterogeneous ag&ntg0, 1]. Heterogeneity is in the dimensions
of initial endowment and skills. The measure of agerih the setS is dw®, and the
total measure is normalized to onﬁs,dws = 1. Agents receive random shocks to skills.
We useg; to denote the level of skills of agemtin periods. The distribution of skills
among agents, which we denof = {8;}*<5, follows a first-order Markov process
with transitional probability7{B;+1 = B’ | B; = B} g/ gy, Wheref C RJSF. Idiosyncratic
shocks to skills of different agents can be correlated. The economy starts olgnithi.

In each period, an infinitely-lived agent € S chooses consumptiody,, and leisurei;,
to maximize the expected discounted sum of the period utility functions. The discount
factor isé € (0, 1). The period utility functionu(c;], ), is continuously differentiable,
strictly increasing in both arguments, and strictly concave. The agent is endowed with one
unit of time which can be split between work;, and leisure/; = 1 — nj. The common
wage per unit of efficiency labor is;. The agent also gets income from renting capital,
The interest rate is,. The depreciation rate of capital ise (0, 1]. The economy has a
complete set of markets, i.e., the agents can trade state-contingent claims. Thesagent’s
portfolio of claims is denoted bim; (B)}zen. The claim of typeB € % pays one unit of
t + 1 consumption good in the staBeand nothing otherwise. The price of such a claim is
p:(B).

Therefore, the problem solved by agens

o0
max EoZS’u(c‘;, 1—nf,g’) Q)
t=0

.5 N s s
{ct i ki ami (B ey rer
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subject to

o / pi(BymS 1 (BYAB = (L—d +r)k! +wig'n B} +mi(B),  (2)

N

whereg is the rate of the labor-augmenting technology progress, which is introduced to
allow for the steady state growth of the economy. The opeiatalenotes the expectation,
conditional on the information available in periad Initial holdings of capital and
contingent claimskg andmy, are given.

The outputy; is produced according to a two-input production functign= f (k;, N;),
wherek; and N; are the amounts of capital and efficiency labor, respectively. We adopt the
common and convenient Cobb—Douglas specification of producfi@n, N;) = kf‘N,l‘“,
with « € (0, 1). Given such a constant-returns-to-scale parameterization of the production
function, the factor prices, and w;, relevant for the consumers’ decisions, satisfy the
aggregate marginal product conditions= af/dk, andw, = df/dN;. Capital and labor
inputs are given by the sum of capital holdings and efficiency labor of all the agents,
ki = [gki do® andN; = g" [¢nf B} do*.

It is convenient to introduce a new variable, “normalized individual skills,” defined as
b} = B} /B:, wherep, = fS 7 do’® represents the aggregate (average) level of skills in the
economy. Furthermore, let us define two aggregate labor market variables,

ng E/nf do® and h,E/nfbf do®. 3)
S S

We will refer ton, andh, as the aggregate physical and aggregate efficiency working hours,
respectively. The variable®, andn, are related by, = g, B;. The relation between,
and#h; will be discussed later on.

In terms ofh,, the production function can be written #%k;, i;) = e,kf‘(g’h,)l‘“,
wheref, = ,3,1*“. The economy’s Resource Constraint (RC) is therefore given by

cr 4 kv = (L—d)k; + 6,k (g"h ), (4)

wherec; = [ ¢; dw® is the aggregate consumption.

Formally, a competitive equilibrium is defined as a sequence of contingency plans
for allocations of the consumefs?, _nf, kf+l, m§+1(B)}SBEE§“)teT, for the prices{p:(B),
re, Wr}Ben, teT, fOr aggregate factor input&;, 4, };cr such that

(1) given the prices{c;,n;,k; 1, m; (B) SBEE%L,eT solves the utility maximization
problem(1), (2) for each consumer,
(i) {r, ws}ier are given by the marginal productivities of aggregate capital and labor;

(iif) markets for goods, capital, labor, and contingent claims clear.

Moreover, the plans are such thgt> 0, and 1> n} > 0 for all s, #, andr;, w;, k&, > 0
for all . We restrict our attention to an interior equilibrium. We assume that such an
equilibrium exists and that it is unique.
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3. Therepresentative consumer

In an economy with complete markets and without distortions, a competitive equilib-
rium is Pareto optimal, which is established by the first fundamental theorem of welfare
economics (see, e.g., Mas-Colell et al., 1995, Chapter 16). We can therefore infer the equi-
librium from the associated planner’s problem. For the purpose of constructing the repre-
sentative consumer, it is convenient to represent the planner’s problem in the form of two
subproblems. The first subproblemis to distribute the aggregate consumption and working
hours between the heterogeneous agents, which delivers the social period utility function,

/cts do’® = ¢4, /nfbtsdws =ht}, (5)

N N

Uler, 1= he, g, 25,551

= max {/Asu(cf,l—nf,g’)da)s
S

{ef n7}ses

where {A}*€S ¢ Ri is a given distribution of welfare weights, with the mean for con-
venience normalized to ong 1* dw® = 1. The second subproblem is to solve for the
aggregate allocation that maximizes the social preferences:

o
max  Eo 8'U(cr.1—he. g, (3.57)°%") stRGC 6)

Jhy Lk,
{ceshekiraber =0

The following proposition characterizes the exact relationship between the decentralized
and the planner’s economies.

Proposition 1. For any distribution of initial endowments in the decentralized economy
(1)—(4), there exists a distribution of welfare weights in the planner’s econ@ny6),
such that a competitive equilibrium is a solution to the planner’s protdlem.

Proof. See Appendix A. O

The above construction of the planner’s problem has a long history, which dates back to
Samuelson (1956), who introduced the notion of a social utility function. Negishi (1960)
pointed out that the competitive equilibrium can be found by maximizing the weighted sum
of the individual utility functions, subject to the economy’s resource constraint. Finally,
Constantinides (1982) singled out a subproblem of the planner’s problem that defines the
social utility function.

As pointed out in Constantinides (1982), the functibncan be interpreted as the
utility function of one composite consumer. Indeed, the one-consumer niéyeby
construction, rationalizes the equilibrium behavior of aggregate variables observed in the
decentralized economy. In general, the shape of the social utility function will “depend
on the equilibrium,” or, in other words, on the specific distributions of welfare weights

1 The correspondence between the distribution of initial endowments and the distribution of welfare weights
is defined by the consumers’ expected lifetime budget constraints (see Maliar and Maliar, 2001, for a discussion).
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and labor productivities. The consequence is that we need, essentially, to solve for the
equilibrium first—which involves exploring the interaction between preferences and the
associated heterogeneity—to know what the social utility function looks like. Although
the division of the planner’s problem into two subproblems simplifies the task (it allows
us to compute the social utility function by solving a static optimization problem, and not
a dynamic one), the numerical computation can be still burdensome.

It is therefore of interest to distinguish the cases in which the social preferences can
be constructed analytically. The well-known example in the literature is Gorman'’s (1953)
aggregation, in which the preferences of the economy as a whole do not depend on the
wealth distribution (or, equivalently, on the welfare weights distribution). If agents differ
only in wealth, the existence of Gorman’s (1953) representative consumer requires that
the individual preferences are similarly quasi-homothetic (homothetic and identical up
to possibly different translated origins). However, if agents are subject to idiosyncratic
productivity shocks, Gorman’s (1953) aggregation is not possible even if the individual
preferences are similarly quasi-homothetic.

It turns out that in some cases we can derive the social utility function without having
Gorman’s (1953) representative consumer. Below, we establish two such cases. Their
common property is that the functional form of the social utility function is invariant
to changes in the distributions of welfare weights and productivities; even though the
distributions are part of the social utility function, they enter in a simple way, affecting
only the preference parameters. We refer to our construction as “aggregation” and call the
constructed consumer “representative,” though this terminology does not have the standard
meaning, as employed in the literature on aggregation.

Before presenting the results, we shall illustrate our aggregation technique by way of an
example. It turns out that the simplest possible setup, for which our aggregation works, is
not the one with productivity shocks but the one with preference shocks.

Example 1. Consider a version of the economy of Section 2, in which there is no long-run
growth. The skills of all agents are identicg}, = g; for all s, and leisure is not valuable,

n{ = 1 for all s. Assume that the individual preferences &> -8’ ¢S u(cy), wheregp?

is an individual-specific shock to preferences that follows a first-order Markov process.
In such an economy, the social utility function is defined by

U(c,, {)»S,(;S‘;}SES) = max{/k“¢fu(c-f) do’® /cf do’® =c,}. @)
S

{C; }.\ES
S

Suppose that the individual utility function is of tkdRRA typeu(c)) = (c,s)l—”/(l —)
with v > 0, v # 1. The first-order condition of7) is therefore:

Xol(c)) " =z,

wherez, is the Lagrange multiplier associated with the constraint. This condition implies,
for the individual and aggregate consumption,

¢ = z,_l/v()usqbf)l/u and ¢ = Zt_l/v /()»S(]S‘;)l/v do’.
S
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On eliminating the Lagrange multiplier, we get
¢S = —(As(])f)l/v C
CT [ gHY dos
By substituting this result in the definition of the social utility functigh, we obtain

s AL S S
)\‘.S N seS :/ t t S — !
U(Ct,{ 7¢t} ) 1—v fs()‘s(bf)l/v dw’ Ct dw 1—v s
S

where ¢; = ([S(AS¢§)1/” dw®)”. Hence, we have a closed-form solution for the social
utility function, where the variable, can be interpreted as a shock to preferences of the
representative consumer.

We now turn back to the economy with idiosyncratic shocks to skills. We present the
aggregation results for two cases: one when agents have identical preferences of the CRRA
type, and the other when agents have identical preferences of the addilog type. The former
preferences are homothetic, while the latter are non-homothetic.

We begin by assuming that the individual utility functions are of the CRRA type:

()@ =nDHght Ml -1
1-n
The aggregation result here is as follows.

”("ts,l—”f’gt)z , 1>upu>0 n>0. (8)

Proposition 2. Assumé&8). Then, the social utility function is
(e A= h)trgt-mnln 1
t 1 -7 )

Uler, 1= hi g, (25,551 %%) = 4 9)

whereA; is given by

n
A= ( / (1)1 ()~ A dws) . (10)

s
Proof. See Appendix A. O

Since the CRRA utility functior8) is quasi-homothetic, in the economy where agents
differ only in wealth, we must have Gorman’s (1953) representative consumer. Indeed,
if there are no differences in skills, i.éx =1 for all 7, s, we have thatd, is constant.
Premultiplying the preferences by a constant is a linear transformation of preferences
and does not affect the solution. Hence, the aggregate allocation does not depend on a
specific wealth distribution. This is precisely what Gorman'’s (1953) aggregation means. In
the presence of idiosyncratic shocks to skills, the variahlenay change over time. An
exception is a limiting, logarithmic cage = 1) where we haver;, = 1 for all z.

We next consider the case in which the individual utility functions are of the addilog
type:

s l—y_l 1—ns 1—0_1
u(ch 1—nt,g') = (r)lT n Ay(l—y)%
The corresponding aggregation result is as follows.

, y,0,A>0. (11)
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Proposition 3. Assumé&11). Then, the social utility function is

1=y _ 1-0 _
U(C;,l—h,’ {)LS b }SES)_ til‘i‘AX,gt(liy)w

12
1—y l-0o ’ (12)

whereX; is given by

xt5</( )Y (69 o ) /(/ () 1/de> . (13)

N N

Proof. See Appendix A. O

Unlessy = o, the addilog utility function(11) is not similarly quasi-homothetic,
and aggregation in the sense of Gorman (1953) is not possible, even if the differences
in wealth are the only source of heterogeneity. Indeed, everj i 1 for all ¢, s,
we still have that the value ok, = X depends on a specific distribution of welfare
weights and affects the marginal rate of substitution between consumption and leisure
in the social utility function(12). In the quasi-homothetic case,= o, Gorman’s (1953)
representative consumer exists if agents are heterogeneous only in wealtiX(teehfor
any distribution of welfare weights); however, it does not exist if agents are heterogeneous
in both wealth and skills. With idiosyncratic shocks to skills, can change over time
if o #1. The fact that the addilog preferences are consistent with aggregation was
first mentioned by Shafer (1977), who showed that such preferences lead to a negative
semidefinite Slutsky matrix. Atkeson and Ogaki (1996) derived a closed-form expression
for the social utility function for the case in which agents are heterogeneous in wealth.

In order to complete the characterization of the aggregate dynamics, we must also
look at the labor-market variables. Note that the “labor” variable in the constructed
representative-consumer models is not physical hours workedyut rather efficiency
hours worked ;. We establish the relationship betweenand i, with the following
proposition.

Proposition 4. Assume that all agents have identical preferences of either the CRRA type
(8) or the addilog typ&11). Thenn, andh, are related by
n=1-A-hy) - m, (14)
where in the CRRA casg; is given by
= / (A) M ()~ g / / ()Y ()" A g (15)
s s
and in the addilog casex; is given by

m= [ ()Y (7)Y o / 07 (5)Y dor (16)
/ /

Proof. See Appendix A. O
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The behavior of the aggregate physical hours workedn the studied heterogeneous-
agent economies is, therefore, completely characterized, and ;. We refer to the
variabler; as a labor-input shock.

Summarizing, the fluctuations in the constructed representative-consumer models result
from three different kinds of shocks. The first ofg,allows for a standard interpretation
of technological innovations and is due to the stochastic behavior of the aggregate level of
skills, 6; = ﬁ}*“. Given that this shock is independent of distributions, its driving process
can be modeled as in the benchmark one-consumer setup by Kydland and Prescott (1982).
The second kind of shock is given by, in the CRRA case, and b¥, in the addilog
case. Such shocks cause variations in the preferences of the representative consumer.
Specifically, A; acts as a shock to the discounting of the whole social utility function,
whereasX; affects only the discounting of the leisure term. Finally, the third kind of
shock,r;, influences the behavior of physical hours workedgexclusively. The stochastic
properties of the preference and labor-input shocks depend on specific assumptions about
the welfare weights{A*}*¢5, and the normalized skill§p;}*<5.

4. Numerical analysis

In this section, we complement our theoretical analysis by presenting the results from
a numerical exercise. We specifically focus on the question how idiosyncratic productivity
shocks can affect aggregate dynamics of the standard neoclassical stochastic growth model.
With the aggregation results in hand, we can study this question in a relatively simple
manner, since we are able to infer the equilibrium in our heterogeneous-agent economy
by essentially solving a one-consumer model. We first outline the methodology of our
numerical analysis and then discuss the simulation results.

4.1. Methodology

For the most part, our calibration is standard to the real business cycle literature.
We set the capital share in the Cobb-Douglas production functian -at0.36. The
parametersi and § and the utility function parameterg and A in the CRRA and
addilog utility functions, respectively, are chosen so that in the non-stochastic steady
state, the homogeneous-agent version of the model replicates the following four statistics:
consumption to output ratie/y = 0.745, capital to output ratib/y = 10.237, per-quarter
output growth rateg = 1.0047, and the average hours workee= 0.31. The first three
figures are our own estimates, computed from time series data from the US economy (the
description of the US data used is provided in Appendix B). The forth figure is the estimate
for hours worked, in terms of discretionary time, reported by Juster and Stafford (1991).
Regarding the remaining utility function parameters, in the CRRA case, we consider
n € {0.5,1, 2}, and in the addilog case, we get=1 and consides € {0.5, 2}.

To calibrate idiosyncratic shocks, we assume that the stochastic process for individual
skills is additive in the individual and aggregate componegjis= ¢f + B;. As regards
the individual componentgf, we assumes; ~ N (O, v2). Under this assumption, the
distribution of the normalized skillsy; = 1 + ¢f/8;, changes with the aggregate level
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of skills, B;, which leads to non-trivial dynamics of the preferences and labor-input shocks
over the business cycfeWe examine two values of € {0.2, 0.4}, which are in line with

those used in Aiyagari (1994). Regarding the aggregate level of sRjllsve assume

that it follows an AR(1) process, Ig&) = plog B,_1 + ; with &; ~ N(0, V?). Given that

6, = ,1‘0‘, the corresponding process for the technology shock ig;legplog6,_1 +

&(1— «). We choosep = 0.95 andV (1 — @) = 0.007, which makes the process #@r

in our model identical to the one in the standard one-consumer neoclassical stochastic
growth model, considered, e.g., in Hansen (1985). Although the individual skills could,
in principle, have negative values, this is not very probable under the parameterizations
considered here, and has never occurred in our simulations.

Following Kydland (1984, 1995), we calibrate the distribution of welfare weights,
{A5}5€S | by matching the empirical distribution of hours work&tlVe approximate the
latter distribution by using the 1989 cross-section from the Panel Study of Income
Dynamics (PSID), which provides information about 7114 households in USA. To be more
precise, we first take the variable “annual hours worked by the head of the household” (the
PSID mnemonics 16,335) and normalize its mean3d 0We then seb; = 1 for all s, and
for each considered value gfin the CRRA case and in the addilog case, we solve for
the welfare weights satisfying equilibrium conditions (A.21) and (A.27), respectively.

Before computing numerical solutions, we converted the constructed representative-
consumer models into stationary ones by using the standard change of vafiableg ™’
andk; = k;g~". To find numerical solutions, we employ the variant of the parameterized
expectation algorithm proposed by den Haan and Marcet (1990). To approximate the
conditional expectations, we use the first-order degree exponentiated polynomial. The
simulation length is 10,000. The iterations are performed until 5-digit precision in the
polynomial coefficients is enforced.

The simulation results under tHeRRA and addilog utility functions are shown in
Tables 1 and 2, respectively. For comparison, we also provide the corresponding statistics
for the US economy. The statisties and corfx, y) are the volatility of a variable, and
the correlation between variablesandy,, respectively. The statistics in Tables 1 and 2
are sample averages of the corresponding variables computed for each of 400 simulations.
Each simulation has a duration of 157 periods, as do the time series for the US economy.
Numbers in brackets are the sample standard deviations of the statistics. Before calculating
any statistics, we converted the time series generated by the stationary models into growing
ones. To compute the second moments for both the US and the artificial economies, we take
the variables that were logged and detrended by using the Hodrick—Prescott filter with a
penalty parameter equal to 1600.

2 If we assume that the individual skills are multiplicative in the individual and aggregate components, e.g.,
B = ¢ By with log(ef) ~ N(0, v2), then the distribution of the normalized skills, = e}/ [ge; dw*, does not
depend orB;. With a continuum of agents, the preference and labor input shocks therefore exhibit no dynamics.

3 One can also calibrate the weights to match some other empirical distributions, such as the one
of consumption or wealth. The model might have difficulty in accounting for all the distributional facts
simultaneously (see Maliar and Maliar, 2001, for a discussion).
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4.2. Results

We start by re-examining the quantitative implications of the standard neoclassical
stochastic growth model by Kydland and Prescott (1982) (K&P), where all agents are
identical and where only technology shocks occur. In Table 1, we provide the results

Table 1
Selected statistics for the US and artificial economies: the Cobb—Douglas case
Statistic n=05 n=10 n=20 us
K&P HA HA  K&PP  HAP HAP K&P HA HA  Econ-
v=02 v=04 v=02 v=04 v=02 v=04 omy
oy 1.4200 14158 14220 13243 12426 12533 12319 1755
(0.1509 (0.1557% (0.1594 (0.134) (0.1406 (0.1358 (0.1348
oi/oy 42721 42644 43483 38903 34925 35880 35465 2731
(0.0883 (0.0872 (0.0956 (0.0732 (0.0587 (0.0663 (0.0655
oc/oy 0.2497 02489 (02550 03083 03884 03687 Q3900 0476
(0.0201) (0.0204 (0.0197 (0.0130 (0.0077 (0.0077 (0.009)
corr(i, y) 0.9839 09843 (09815 09880 09918 (09921 Q9890 0979
(0.0041) (0.0038 (0.0040 (0.0028 (0.0020 (0.0021) (0.0020
corr(c, y) 0.7161 Q7185 06391 08953 09668 09644 09476 0923
(0.0267 (0.0229 (0.0257) (0.0156 (0.0064 (0.0071) (0.007H
Shock statistics
T - 10027 10483 - 10016 10280 - 10011 10184 -
(0.0001) (0.0018 (0.0001) (0.0010 (0.0001) (0.0006
ox - 0.0531 02960 - 00525 02439 - 00523 Q2271 -
(0.0031) (0.0213 (0.0031) (0.0159 (0.0029 (0.0142
oA - 0.0172 00768 - 0 0 - 0342 01413 -
(0.0010 (0.004n (0.0019 (0.0090
corr(r, z) - —0.1411 —0.4943 - —0.0919 —-0.3399 - -0.0579 -0.2390 -
(0.0731) (0.067H (0.0684 (0.0739 (0.0757% (0.0758
corr(A, z) - —0.0714 —0.2861 - 00027 Q0040 — 00292 01211 —
(0.0728 (0.0748 (0.0672 (0.0634 (0.0757% (0.0750
Labor-market statistics
on /oy 0.5798 06049 11238 05088 05255 08325 04363 04625 06666 Q729
(0.0053 (0.0094 (0.0610 (0.0040 (0.0081) (0.0416 (0.0033 (0.0075 (0.035H
op/oy - 05795 05936 - 05067 05149 - 04499 04436 -
(0.0055 (0.0070 (0.0038 (0.0038 (0.0030 (0.0059

Oy/n/0y 0.4496 04432 05559 05092 05074 05293 (05733 05591 05939 0576
(0.0102 (0.0122 (0.0657) (0.0071) (0.0088 (0.0438 (0.0047% (0.0080 (0.0397)

corr(n, h) - 0.9902 09202 - 09851 08601 - 09788 07485 -
(0.0023 (0.0157 (0.0034 (0.0287 (0.0050 (0.0551)

corr(n, y) 0.9779 09666 08696 09822 09692 08490 09875 09743 08194 Q830
(0.0053 (0.0054 (0.0245 (0.0041) (0.0046 (0.0281) (0.0029 (0.0042 (0.0380

corr(y/n,y) 0.9633 Q9371 00451 Q9824 (09670 05566 09928 (09825 Q7665 Q715
(0.0069 (0.0077 (0.0894 (0.0034 (0.0046 (0.0655 (0.0015 (0.0027 (0.0438

corr(n,y/n) 0.8858 08165 —0.4499 09299 08745 Q0377 Q09615 (09154 02637 Q0220
(0.0235 (0.0238 (0.0876 (0.0148 (0.0175 (0.1090 (0.0085 (0.0131) (0.1164

Numbers in parentheses are sample standard deviations.
2 The description of the US data used is provided in Appendix B.
b Inthe case) = 1.0, the top five statistics for K&P and HA models are identical.
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for such a model under the logarithmic utility function, which is a limiting case of both
the CRRA utility functionundern = 1 and the addilog utility function under = 1,

o = 1. Kydland and Prescott’'s (1982) model is known to generate most of the statistics
in line with the data but with several notorious exceptions. The most serious failure of the
model is its inability to produce the appropriate co-movement of labor market variables.
Specifically, the model predicts almost perfect positive correlations between working hours
and productivity(y;/n;), between productivity and output, and between working hours
and output, whereas in actual economies, such correlations are substantiall§f Tveer.
sensitivity results, reported in columns “K&P” of Tables 1 and 2, demonstrate that the
problems encountered under the benchmark “log—log” parameterization cannot be resolved
by changing the parameters of the utility functions.

We now turn to the predictions of the heterogeneous-agent (HA) variant of the model.
We shall first recall that the effect of idiosyncratic productivity shocks on the aggregate
dynamics is fully summarized by the shocks andzx, in the CRRA case and, and;,
in the addilog case. The preference shocksand X, affect all of the model’s variables,
whereas the labor-input shock,, influences only physical hours worked, (Note that in
the “log—log” case, there is no preference shock but still there is a labor-input shock.) Given
that the technology shock;, follows the same stochastic process in the homogeneous-and
heterogeneous-agent economies, any difference between aggregate fluctuations of the two
economies must come from the preference and labor-input shocks.

The regularities we observe in Tables 1 and 2 are as follows. In all the considered
cases, the predictions of the heterogeneous- and homogeneous-agent models about the
cyclical behavior of output, investment and consumption are practically identical. We
therefore conclude that the effect of the preference shocks on aggregate dynamics is not
guantitatively significant. This result is a consequence of the very low volatility of the
preference shocks (seq andoy in the CRRA and addilog cases, respectively).

In contrast, the labor-market statistics, produced by the heterogeneous- and homo-
geneous-agentversions of the model, can differ markedly. The heterogeneous-agentmodel,
for example, can generate the correlation between working hours and productivity, which
ranges from strongly positive to strongly negative. A negative correlation is obtained when
the values ofy ando in the CRRA and addilog cases, respectively, are lower than one
and when the volatility of idiosyncratic shocks is large= 0.4). A similar tendency is
observed regarding the correlation between productivity and output.

What, precisely, reduces the above correlations in the heterogeneous-agent case
as compared to the homogeneous-agent one? Given that the preference shocks have
little impact on aggregate dynamics, the behavior of efficiency hours worked in the
heterogeneous-agent modkl, is roughly the same as that of physical hours worked in
the homogeneous-agent model. In turn, the dynamics of physical hours worked in the
heterogeneous-agent model, can be characterized lhy andr, . In particular, according

4 The fact that labor supply and productivity are weakly correlated in the data is known as the “Dunlop—Tarshis
observation” after Dunlop (1938) and Tarshis (1939). The failure of a one-shock neoclassical model to account
for the Dunlop—Tarshis observation is well known in the literature (see Christiano and Eichenbaum, 1992, for a
discussion).
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Table 2

Selected statistics for the US and artificial economies: the addilog case

Statistic 6=05 60=20 us

K&P HA HA K&P HA HA Economy?
v=0.2 v=04 v=0.2 v=04

ay 1.4684 14837 15066 11823 11751 11917 1755
(0.155)) (0.153% (0.1642 (0.1248 (0.1246 (0.1239

g /oy 3.9768 39108 39727 38230 38297 38190 2731
(0.0828 (0.0797 (0.0747 (0.0666 (0.0682 (0.065))

oc/oy 0.2894 03013 02955 03251 03162 03181 0476
(0.0150 (0.0136 (0.013% (0.012% (0.0129 (0.0135

corr(i, y) 0.9876 09879 09873 09882 09890 09882 0979
(0.0033 (0.003)) (0.0035 (0.0028 (0.0027 (0.0028

corr(c, y) 0.8785 08950 08832 09106 09104 09036 0923

(0.0190 (0.0163 (0.0168 (0.0141 (0.0146 (0.0148

Shock statistics

T - 10032 10595 - 10008 10135 -
(0.000) (0.0022 (0.000) (0.0005
o - 0.0535 03335 - 00522 02192 -
(0.0032 (0.0256 (0.003) (0.0130
ox - 0.0262 Q1215 - 00521 02120 -
(0.0015 (0.0079 (0.003) (0.0125
corr(rm, z) - —0.1681 —0.5476 - —0.0493 -0.1794 -
(0.0733 (0.0688 (0.0693 (0.0733
corr(X, z) - —0.0837 —0.3360 - 00278 Q0870 -
(0.0739 (0.0789 (0.0697 (0.0739
Labor-market statistics
on /oy 0.6197 06375 13072 Q3778 03876 05329 0729
(0.0053 (0.0097 (0.0664) (0.0032 (0.0062 (0.0286
op /oy - 0.6089 06479 - 03785 03917 -
(0.005) (0.0081 (0.0036 (0.0096
Oy/nloy 0.4069 04079 06282 06330 06329 06571 0576
(0.0103 (0.0117 (0.0733 (0.0050 (0.0065 (0.0283
corr(n, h) - 0.9919 09360 - 09672 06279 -
(0.0019 (0.0136 (0.0079 (0.0710
corr(n, y) 0.9830 09725 08851 09820 09670 08003 0830
(0.0044) (0.0044 (0.0224 (0.0042 (0.0049 (0.03795
corr(y/n, y) 0.9605 09317 —0.2482 09937 09878 08737 0715
(0.0079 (0.0089 (0.0824 (0.0013 (0.0018 (0.0248
corr(n, y/n) 0.8931 08217 —0.6678 09546 09154 04098 0220

(0.0232 (0.0238 (0.0554 (0.0101 (0.0122 (0.0938

Numbers in parentheses are sample standard deviations.
& The description of the US data used is provided in Appendix B.

to (14), we have
d}’l; = —(1— h[) d]Tt + s dh[,

where d; denotes a differential of a variable. Suppose that the economy experiences
a change in technologypd As follows from Tables 1 and 2, the correlation between
the technology shock, and the labor-input shock; is negative, which indicates that
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the sign of ¢k, is opposite to that of the technology change,. drurthermore, in all the
cases considered, we hawe> 1.° These two results imply that physical hours worked
are more responsive to technological changes than efficiency hours workes d#, .6

Under some parameterizations, the effect associated with idiosyncratic uncertainty is so
strong that the volatility of working hours in the heterogeneous-agent model exceeds the
volatility of output,s,, /o, > 1. The consequence is that a positive (negative) technology
shock drives the productivity, /n; down (up), which makes the correlation betwegn
andy;/n; negative. The problem we face, in this case, is exactly the opposite to the one
we had in the benchmark homogeneous-agent setup!

We also perform the sensitivity analysis. First, we explore the robustness of our results
to variations in the utility function parameters, suchjas the CRRA case angd, o in the
addilog case. The tendencies described in this section proved to be robust to such modifica-
tions. Furthermore, we consider an alternative specification of the process for idiosyncratic
shocks, the one that allows for both temporary and permanent differences in skills across
agentsg; = B*(e] + B;), whereg? is the long-run average of skills of the agento cali-
brate this version of the model, we assume the same process¢sifuig; as before, and
we proxyg* by the variable “hourly earnings of the household head” (the PSID mnemonics
17536). By setting; = 8*/ [, p* dw*, we solve for the welfare weights satisfying (A.21)
and (A.27) in the CRRA and addilog cases, respectively. We find that the predictions pro-
duced by this version of the model are very similar to those we described before.

5. Conclusion

This paper studies the implications of the neoclassical growth model, where agents
experience idiosyncratic shocks to earnings. We show that if markets are complete,
and if agents have identical preferences of either the CRRA or the addilog type, then
there exists a closed-form expression for the social utility function. By using this result,
we construct a representative-consumer model that describes the aggregate dynamics of
the heterogeneous-agent economy. Under our construction, the effect of idiosyncratic
uncertainty on the aggregate dynamics is summarized by three kinds of shocks: to
technology, to preferences, and to labor input. In a calibrated version of the model, we find
that the effect of the preference shocks on the economy’s aggregate behavior is modest. The
labor-input shocks, on the contrary, play an important role in the aggregate dynamics. For
example, unlike the benchmark Kydland and Prescott’s (1982) setup, our heterogeneous-
agent model can generate either procyclical, acyclical or countercyclical behavior of labor
productivity, depending on the model’s parameterization.

We should point out that the possibility of aggregation, in the context of the neoclassical
growth model, is not limited to the two settings considered in this paper. Several possible

5 Note that even ifr; exhibits no fluctuations, i.ex; = 7 for all ¢, it can still affect aggregate dynamics
because the value ef determines the volatility of physical hours worked. In a neoclassical growth model with
permanent differences in skills considered in Maliar and Maliar (2001), the presence of such a constant parameter
improves the predictions of the model on labor-market statistics.

6 Thus, our heterogeneous-agent model reproduces the empirical regularity, documented by Hansen (1993)
and Kydland and Prescott (1993), that physical hours worked are more volatile than efficiency hours worked.
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extensions of our results are as follows. First, our example of aggregation under the
assumption of the addilog utility functions can be generalized to the case in which agents
have any identical additive utility functions, with each additive component being a member
of the Hyperbolic Absolute Risk Aversion (HARA) class. Secondly, our aggregation results
also hold when the individual utility functions are modified to include agent-specific
subsistence levels of consumption and leisure. Thirdly, in all the cases distinguished,
we can achieve the same kind of aggregation if agents face two types of idiosyncratic
shocks, one to skills and another to preferences, with the latter shock being introduced as
in Example 17 In particular, for the two-shock settings with the CRRA and addilog utility
functions, the results of our Propositions 2, 3, and 4 carry over with a formal replacement of
A* by the termi* ;. Finally, if the individual utility functions are given by an increasing
power transformation of the Constant Elasticity of Substitution (CES) functions and are
identical up to possibly different subsistence levels, then the aggregation is possible in the
economy with preference shocks (but not in the one with the productivity shocks).

As a final comment, we shall mention that the technology and preference shocks in
the constructed representative-consumer models can be viewed as aggregate supply and
demand shocks, respectively. Supply shocks are commonly used in current macroeconomic
literature. Demand shocks have been believed, for a long time, to play an important
role in economics, e.g., in Keynesian economies, but they are rarely used nowadays.
Our aggregation results provide theoretical foundations for the assumption of aggregate
demand shocks. For the moment, we have not found sufficient empirical evidence to
support such shocks. This issue warrants further investigation.
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Appendix A

Proof of Proposition 1. We prove this proposition by showing that a competitive
equilibrium in the decentralized econoniy)—(4) satisfies the optimality conditions of
the planner’s problen®), (6).

The First-Order Conditions (FOCs) of the consumer’s optimization prolilem(2)
with respect tony 1 (B), k;, 1, ¢/, andnj, and the transversality condition, respectively,
are

A pi(B) =68 1(B') - IT{Biy1=B'| B, = B} (A.1)

B',BeR’

7 The fact that the economy with idiosyncratic shocks to preferences allows for aggregation was pointed out
to us by associate editor Per Krusell.
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M =0E M (1—d + 0 pa0k? (¢ 1) )], (A.2)
ui(c],1—nj, g") =41, (A.3)
up(cl, 1—nf,g") = 2360,(1 — )k (g'hs) “g'D}, (A.4)
Jlim Eo[afx;' (kf it / pi(B)m? +1(19)d3>] =0, (A.5)

N
where)?! is the Lagrange multiplier associated with the agent’s budget constraint (2), and
u1 anduy denote the first-order partial derivatives of the functiowith respect to the
first and second arguments, respectively. To obtain conditions (A.2) and (A.4), we use the
fact that, in equilibriumy, andw, are equal to the marginal products of capital and labor,
respectively.
By FOC (A.1), for any two agents s’ € S, we obtain

AS AS A
S o= forallr. (A.6)
)‘} )‘t+1 A

Thus, we have that the ratio of marginal utilities of any two consumers is constant across
time and states of nature, which is the usual consequence of the assumption of complete
markets. Result (A.6) implies that the individual Lagrange multipliers can be represented
in the formiy = X, /A° with fS A*dw® = 1, which allows us to re-write conditions (A.2)—

(A.5) as follows:

_ 1-
e =8E[hy1(1—d + 010k (8" higa) )], (A7)
Mug(c],1—nj, g") =, (A.8)
Muz(cf, 1—ns, g") =10, (1— )k (g he) “g'D}, (A.9)
t&moo Eo [5% (kf it / pi(B)m} 1(B) dB):| =0. (A.10)

%R
Note also that if transversality condition (A.10) of each ageistsatisfied, then we have
lim Eo[8'Aki+1] =0. (A.11)
t—0o0

This follows after integrating (A.10) over the set of agents and imposing market clearing
conditions for claimsfs my 1(B)do’ =0 forall B € R.

Consider now the planner’s problem (5), (6). The FOCs of the subproblem (5) with
respect tay andr;, correspondingly, are

)L“'ul(cf,l—n‘;,g’) = ¢, (A.12)
Muz(cl, 1—nj, g") =0}, (A.13)

where ¢, and x;, are the Lagrange multipliers associated with the constraints on the
aggregate consumption and labor, respectively. The envelope conditions of the subprob-
lem (5) are
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Us(er 1—he g (322, 5)%%) = g1, (A.14)
U2(Cta1_ht’ gta {)\Sabf}ses):%[7 (A.15)

whereU1 andU; denote the first-order partial derivatives of the functibmith respect to
the first and second arguments, respectively.

By finding the FOCs of the subproblem (6) and its transversality condition and by
combining them with (A.12)—(A.15), we obtain that the solution to the planner’s problem
is described by conditions (A.7)—(A.9) and (A.11), which proves the statement of the
proposition. O

Proof of Proposition 2. Under the assumption of the CRRA utility function, FOCs (A.12)
and (A.13), respectively, are

o syrd-n)—1 1—p)(1— 1—p)(1—
X‘Su(c‘;)“( m (1—nf)( m( n)(gt)( m)( n):%’ (A.16)
A (1— M)(Cts)u(l*n) (1_ nf)(1711)(1*77)*1(6,1)(lﬂt)(lfn) = x,bS. (A.17)
By solving (A.16), (A.17) with respect tef and(1 — n})b;, we obtain
ANV (L= )\ ey
o= (L) <7I ()Y ()~ (A.18)
Pt a8
o 1/ 1_ (=p@Q=m)/n , i
=) () )1 (6) T (A9)
% xt L8

Integration of (A.18) and (A.19) yields and(1 — &), respectively. We then divide by
¢; and(1 — ny)b; by (1 — h,) and re-arrange the terms to get

. WYy~ A=md=m/n
€= oG (b3 )~ A 1/1 G
, O3y A=m-D/n
— s _— t . —_—
(=)= T OG- T gy - (A.21)
The result of the proposition follows after substitution of (A.20) and (A.21) into the
definition of the social utility function (5). O

“c, (A.20)

Proof of Proposition 3. In the case of the addilog utility function, FOCs (A.12) and
(A.13), respectively, take the form

() =g, (A.22)

WA I (1—nf) ™" = xb}. (A.23)
Solving (A.22), (A.23) forc; and (1 — nf)b; yields

=g 7 ()Y, (A.24)

(1—n$)bs = (Ag" 7 1o )7 - () (b)Y (A.25)

We computer; and(1 — &;) by integrating (A.24) and (A.25), respectively. After dividing
¢ by ¢, and(1 —n})b; by (1 — h;) and re-arranging the terms, we obtain
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s Oy
= fS()‘S)l/V dw’ '
25 1/0 bs —-1/0
(1_ nf) = (s ]?/0 (S t:l?—l/a s
Js@HY b)) do
Substitution of (A.26) and (A.27) into definition (5) completes the proaf.

¢, (A.26)

C(L—hy). (A.27)

Proof of Proposition 4. In the CRRA case, anditions (14) and (15) follow after
integration of (A.21). Similarly, in the addilog case, conditions (14) and (16) follow after
integration of (A.27). O

Appendix B

To compute the empirical statistics, we use quarterly data on the US economy ranging
from 1959:3 to 1998:3. The variable consumptignin the model is defined as real
personal expenditures on nondurables and services in the data. Investnerthe
model is real personal consumption of durables and real fixed private investment in
the data. Consequently, the series for output are constructed by adding-up consumption
and investmenty, = ¢; + i;. The variable working hours; in the model is defined as
the level of the civilian employment premultiplied by average weakly hours worked in
private nonagricultural establishments in the data. Before computing the estimates, the
constructed series are converted in per-capita terms by using the efficiency measure of
the US population. The data are taken from the Federal Reserve Bank of Saint-Louis data
base (mnemonics FPIC92, PCEDG92, PCENDC92, PCECS92, CE160V, AWHNONAG).
The sources for these series are the US Department of Labor and the US Department of
Commerce.

As a measure of labor productivity (wage), we use the varigble;. To verify that the
constructed measure of labor productivity behaves similarly to the one in the US economy,
we compared this measure to the CITIBASE variable LBOUTU, which is the output per-
hour of all the persons in the nonagricultural business sector. We find that the two measures
are very similar. Specifically, if instead of /n,, we use the variable LBOUTU, then we
haveosy,, /oy = 0.583 corr(y/n,n) = 0.220, and corty/n, y) = 0.543 which are close
to the corresponding statistics reported in the tables.
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